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Hpsor|hh/ Fxvwrphu/ ru Rxwvlgh Rzqhuvkls
Sdwulfn Erowrq dqg Fkhqjjdqj [x
LQWURGXFWLRQ
Wkhuh lv d zlgh frqvhqvxv qrzdgd|v wkdw prvw hfrqrplf dfwlylwlhv duh ehvw xqghuwdnhq lq d
pdunhw hqylurqphqw zlwk sulydwh surshuw|1 Lw lv jhqhudoo| dffhswhg wkdw rqo| wkh surwhfwlrq
ri sulydwh surshuw| uljkwv dqg frpshwlwlrq e| ulydo ￿upv surylgh dghtxdwh lqfhqwlyhv wr
shuirup1
Wklv jhqhudo eholhi kdv ohg wr d zruogzlgh zdyh ri sulydwl}dwlrq1 Wkh vwulnlqj vxffhvv
ri vrph ri wkh hduo| sulydwl}dwlrq surjudpv kdv dovr uhlqirufhg hfrqrplvwv* eholhiv lq wkh
ryhudoo yluwxhv ri wkh pdunhw v|vwhp dqg sulydwh surshuw|1
Prvw sursrqhqwv ri sulydwl}dwlrq eholhyh wkdw ￿wkh pdunhw￿ dqg ￿sulydwh surshuw|￿ jr
kdqg lq kdqg/ exw li iru vrph uhdvrq surgxfwlrq grhv qrw wdnh sodfh lq sulydwho| rzqhg ￿upv
lw lv vwloo suhihudeoh wr rujdql}h wkh doorfdwlrq ri jrrgv dqg idfwruv ri surgxfwlrq durxqg
vrph pdunhw v|vwhp1 Vxfk d pdunhw v|vwhp zrxog zrun ehwwhu wkdq d fhqwudoo| sodqqhg
v|vwhp exw qrw dv zhoo dv d pdunhw v|vwhp rujdql}hg durxqg sulydwho| rzqhg ￿upv1 Wklv
lv/ lq d qxwvkhoo wkh frqvhqvxv ylhz ri wrgd|1
Krzhyhu/ lw lv qrw reylrxv d sulrul zkdw irup ri surshuw| duudqjhphqwv duh ehvw iru
wkh zhoo ixqfwlrqlqj ri pdunhwv1 Iurp d wkhruhwlfdo shuvshfwlyh lw lv qrw hyhq fohdu wkdw
rzqhuvkls pdwwhuv dw doo zkhq wkhuh lv vx!flhqw frpshwlwlrq1 Dv Kropvwurp +4<<;, sxwv
lw/ ￿wkh erxqgdu| ^ri wkh ￿up‘ txhvwlrq lv lqwhuhvwlqj sulpdulo| ehfdxvh zh fdqqrw fodlp
wr ixoo| xqghuvwdqg hlwkhu wkh lqwhuqdo rujdql}dwlrq ri ￿upv ru wkh rshudwlrq ri pdunhwv e|
vwxg|lqj wkh wzr lq lvrodwlrq1￿
Dqrwkhu lpsruwdqw frqvlghudwlrq lv wkdw sulydwh rzqhuvkls fdq wdnh pdq| gl￿huhqw irupv1
D ￿up pd| eh rzqhg e| glvshuvhg rxwvlgh vkduhkroghuv/ ru e| d vlqjoh rxwvlgh rzqhu1 Lw
pd| eh rzqhg e| hpsor|hhv/ dv lq sduwqhuvklsv dqg surgxfhu frrshudwlyhv1 Ru lw pd| eh
rzqhg e| d fxvwrphu frrshudwlyh ru mrlqw yhqwxuh1 Wklv glyhuvlw| ri duudqjhphqwv vxjjhvwv
4wkdw wkh txhvwlrq lv qrw mxvw zkhwkhu sulydwh rzqhuvkls lv hvvhqwldo exw dovr zkdw w|sh ri
sulydwh ru sxeolf rzqhuvkls frpsohphqwv frpshwlwlrq ehvw= rxwvlgh rzqhuvkls ru lqvlgh
rzqhuvkls e| hpsor|hhv dqg2ru fxvwrphuvB
Zkloh zh duh dffxvwrphg wr wklqnlqj ri ￿upv dv rzqhg e| lqyhvwruv +zh fdoo wkhp rxw0
vlghuv lq wklv sdshu,/ hpsor|hh0rzqhg ￿upv/ ru fxvwrphu0rzqhg ￿upv duh qrw xqfrpprq lq
pdunhw hfrqrplhv1 Lq rqh ri wkh prvw frpsuhkhqvlyh vwxglhv ri h{lvwlqj rzqhuvkls duudqjh0
phqwv wr gdwh/ Kdqvpdqq srlqwv rxw wkdw zkloh lqyhvwru rzqhuvkls lv jhqhudoo| suhgrplqdqw
lq Zhvwhuq Hxursh/ Qruwk Dphulfd/ dqg Mdsdq/ d vljql￿fdqw iudfwlrq ri ￿upv lv hpsor|hh
rzqhg lq vshfl￿f vhfwruv/ vxfk dv wkh vhuylfh surihvvlrqv/ dqg wkdw wklv iudfwlrq lv h{sdqg0
lqj lq rwkhu vhfwruv vxfk dv wudqvsruwdwlrq1 Vlploduo|/ fxvwrphu rzqhuvkls lv frqfhqwudwhg
lq vrph lqwhuphgldu| jrrgv vhfwruv dv zhoo dv vhuylfh vhfwruv +Kdqvpdqq/ 4<<9,14 Pruh0
ryhu/ lq Uxvvld dqg Fhqwudo Hdvwhuq Hxursh/ wkh ydvw pdmrulw| ri sulydwl}dwlrq kdv lqyroyhg
rzqhuvkls wudqvihuv wr hpsor|hhv ri wkh iruphuo| vwdwh0rzqhg frpsdq| +Hduoh dqg Hvwulq/
4<<8> Eodvl/ 4<<7> dqg Er|fnr/ Vkohlihu/ dqg Ylvkq|/ 4<<6,1 Krz zh vkrxog dssudlvh wklv
ghyhorsphqw lv d fkdoohqjh1
Wklv sdshu surylghv d wkhruhwlfdo dqdo|vlv ri wkh lqwhudfwlrq ehwzhhq pdqdjhuldo pdunhw
frpshwlwlrq dqg rzqhuvkls ri ￿upv1 Lw lv frqfhuqhg zlwk wkh txhvwlrq ri krz wkh h!flhqf|
ri dq| ri wkhvh rzqhuvkls doorfdwlrqv ghshqgv rq wkh h{whqw ri frpshwlwlrq lq pdqdjhuldo
oderu pdunhwv dqg/ ylfh0yhuvd/ krz sduwlfxodu rzqhuvkls doorfdwlrqv idflolwdwh frpshwlwlrq1
Wkh sdshu wdnhv wkh lqfrpsohwh frqwudfwlqj shuvshfwlyh ri Jurvvpdq/ Kduw/ dqg Prruh wr
exlog d prgho ri ￿upv edvhg rq surshuw| uljkwv dqg uhvlgxdo frqwuro +vhh Jurvvpdq dqg
4Orrnlqj dw ohvv h{wuhph rzqhuvkls vwuxfwxuhv/ zkhuh rxwvlghuv dqg lqvlghuv pd| mrlqwo| rzq wkh ￿up lw
lv zruwk qrwlqj wkdw e| 4<<3 derxw 43/333 frpsdqlhv lq wkh X1V1/ dgrswhg hpsor|hh vkduh rzqhuvkls sodqv
+HVRS*v, dqg wkdw wkh pdmrulw| ri wkh vwrfn ri pruh wkdq 4/333 ri wkhvh frpsdqlhv zdv rzqhg e| wkh HVRS
+Kdqvpdqq/ 4<<9/ s1438,1 Lq Mdsdq/ <4 shufhqw ri doo ￿upv olvwhg rq wkh Mdsdqhvh vwrfn pdunhw kdg dq
HVRS lq 4<;< +Mrqhv dqg Ndwr/ 4<<8,1 Lq wkh X1N1 hpsor|hhv lq 76 shufhqw ri wkh ￿upv vkduhg sur￿wv lq
4<<3 +Ekdujdyd/ 4<<7,1 Pruhryhu/ Mrqhv dqg Ndwr +4<<8,/ Ekdujdyd +4<<7, dqg Ilw}ur| dqg Nudiw +4<;:,
surylgh hylghqfh vxjjhvwlqj wkdw hpsor|hh rzqhuvkls ru hpsor|hh sur￿w vkdulqj pd| lpsuryh surgxfwlylw|
lq wkh fdvh ri Mdsdq/ wkh X1N1/ dqg Jhupdq| uhvshfwlyho| +vhh dovr Zhlw}pdq dqg Nuxvh +4<<3, zkr surylgh
hylghqfh iru wkh X1V1,1
5Kduw +4<;9,/ Kduw dqg Prruh +4<<3,/ dqg Kduw +4<<8,,1
Ehfdxvh ri frqwudfwxdo lqfrpsohwhqhvv d pdqdjhu*v sd|r￿ lv ghwhuplqhg/ dw ohdvw lq sduw/
wkurxjk h{0srvw edujdlqlqj1 Lq rwkhu zrugv/ wkh hpsor|phqw frqwudfw fdqqrw wlh grzq
h{dfwo| krz wkh pdqdjhu*v ixwxuh frpshqvdwlrq hyroyhv zlwk flufxpvwdqfhv dqg dfwlrqv1
Zh pdnh wkh h{wuhph vlpsoli|lqj dvvxpswlrq wkdw doo frpshqvdwlrq lv ghwhuplqhg wkurxjk
h{0srvw qhjrwldwlrqv dqg wkdw/ dv d uhvxow/ pdqdjhuv pd| eh irufhg wr jlyh xs sduw ri wkh
vxusoxv wkh| fuhdwh wkurxjk wkhlu h{0dqwh kxpdq fdslwdo lqyhvwphqwv1 Dv lq Jurvvpdq dqg
Kduw +4<;9,/ rzqhuvkls ri sk|vlfdo surgxfwlyh dvvhwv/ wrrov/ pdfklqhu|/ hwf1 pd| surylgh
pdqdjhuv zlwk vrph surwhfwlrq djdlqvw h{0srvw h{sorlwdwlrq1 Lq dgglwlrq/ wkh ehwwhu pdq0
djhuv pd| rewdlq surwhfwlrq iurp frpshwlwlrq1 Wkdw lv/ wkh| fdq rewdlq ehwwhu whupv h{
srvw e| vhhnlqj pxowlsoh frpshwlqj r￿huv1 Rxu pdlq frqfhuq lq wklv sdshu lv wr xqghuvwdqg
zklfk irup ri rzqhuvkls doorfdwlrq pd{lpl}hv wkh lqfhqwlyhv iru kxpdq fdslwdo lqyhvwphqw
lq wkh suhvhqfh ri pdqdjhuldo frpshwlwlrq1
Zkloh wklv txhvwlrq kdv ehhq wrxfkhg rq wr vrph h{whqw lq Kduw dqg Prruh +4<<3,/ lw
lv qrw wkh pdlq irfxv ri wkhlu duwlfoh1 D pruh forvho| uhodwhg sdshu lv Udmdq dqg ]lqjdohv
+4<<;,/ zkr dvn zkdw lv wkh rswlpdo dprxqw ri h{0dqwh ￿dffhvv￿ +ru frpshwlwlrq, dprqj
pdqdjhuv xqghu rxwvlgh rzqhuvkls1 Wkhlu sdshu ydulhv wkh h{whqw ri frpshwlwlrq iru d ￿{hg
doorfdwlrq ri rzqhuvkls/ zkloh rxuv frpsduhv gl￿huhqw rzqhuvkls doorfdwlrqv iru d jlyhq ohyho
ri pdqdjhuldo frpshwlwlrq51 Dqrwkhu vhw ri uhodwhg sdshuv/ frpsdulqj lqvlgh yhuvxv rxwvlgh
rzqhuvkls/ lv Kduw dqg Prruh +4<<;, dqg Jodhvhu dqg Vkohlihu +4<<<,1 Wkhvh sdshuv frqvlghu
qrq0sur￿w frrshudwlyhv +rzqhg e| fxvwrphuv ru hpsor|hhv, dqg frpsduh wkhp wr iru0sur￿w
￿upv rzqhg e| rxwvlghuv1 Lq frqwudvw/ rxu sdshu frqvlghuv iru0sur￿w frrshudwlyhv dqg
frpsduhv wkhp wr rwkhu irupv ri rzqhuvkls iru gl￿huhqw ohyhov ri pdqdjhuldo frpshwlwlrq1
Doo wkhvh sdshuv +lqfoxglqj rxuv, devwudfw iurp ￿qdqfldo frqvlghudwlrqv e| lpsolflwo|
dvvxplqj wkdw doo sduwlhv kdyh vx!flhqw zhdowk +ru dffhvv wr shuihfw fdslwdo pdunhwv, wr
5Lq dgglwlrq/ wkhlu sdshu +zklfk iroorzv Kduw dqg Prruh +4<<;, lq wklv uhvshfw, frqvlghuv d edujdlqlqj
vroxwlrq zklfk lpsolflwo| dvvxphv d olplwhg irup ri frpshwlwlrq1 Zh vkdoo frqvlghu d gl￿huhqw edujdlqlqj
vroxwlrq/ edvhg rq wkh rxwvlgh rswlrq sulqflsoh +vhh Elqpruh/ Uxelqvwhlq dqg Zrolqvn| +4<;9,,/ zklfk doorzv
iru h{wuhph irupv ri frpshwlwlrq vxfk dv Ehuwudqg frpshwlwlrq1
6sxufkdvh dq| rzqhuvkls wlwoh wkh| pd| uhtxluh1 Wkhvh vwurqj vlpsoli|lqj dvvxpswlrqv kdyh
wkh yluwxh ri lvrodwlqj wkh uroh ri rzqhuvkls dv dq lqfhqwlyh iru +ru surwhfwlrq ri, h{0dqwh
kxpdq fdslwdo lqyhvwphqwv/ exw gr eldv uhvxowv djdlqvw rxwvlgh rzqhuvkls/ dv Kdqvpdqq kdv
qrwhg61
Zh frqvlghu lq wxuq wkuhh vlwxdwlrqv zlwk lqfuhdvlqj ghjuhhv ri frpshwlwlrq1 Lq wkh
￿uvw/ wkhuh lv d vlqjoh ￿up frpsrvhg ri rqo| rqh hpsor|hh dqg wkhuhiruh qr pdqdjhuldo
frpshwlwlrq1 Lq wkh vhfrqg/ wkhuh duh wzr hpsor|hhv lqvlgh wkh ￿up frpshwlqj wr vhuyh
fxvwrphuv> wklv lv d vlwxdwlrq zkhuh hpsor|hhv frpshwh lq wkh ￿up*v lqwhuqdo oderu pdunhw1
Lq wkh wklug vlwxdwlrq/ zh frqvlghu wzr ￿upv zlwk wzr hpsor|hhv hdfk/ zkhuh frpshwlwlrq
wdnhv sodfh erwk lqwhuqdoo| dqg h{whuqdoo|1
Zh ￿qg wkdw dq| irup ri rzqhuvkls doorfdwlrq pd| eh rswlpdo ghshqglqj rq wkh qdwxuh ri
frpshwlwlrq1 Zkhq wkhuh lv qr frpshwlwlrq dw doo/ hpsor|hh dqg fxvwrphu rzqhuvkls surylgh
wkh vdph lqfhqwlyhv iru kxpdq fdslwdo lqyhvwphqw1 Dv rqh pljkw h{shfw wkh| grplqdwh
rxwvlgh rzqhuvkls zkhqhyhu wkh ￿up*v sk|vlfdo fdslwdo lv frpsohphqwdu| zlwk wkh hpsor|hh*v
kxpdq fdslwdo1 Shukdsv/ pruh vxusulvlqjo| rxwvlgh rzqhuvkls pd| grplqdwh zkhq wkh
￿up*v dvvhwv duh qrw frpsohphqwdu|1 Lqghhg/ zkhq kxpdq dqg sk|vlfdo dvvhwv duh qrw
frpsohphqwdu|/ wkh hpsor|hh pd| fkrrvh wr ryhulqyhvw vr dv wr lpsuryh khu edujdlqlqj
srvlwlrq +ru rxwvlgh rswlrq, xqghu hpsor|hh2fxvwrphu rzqhuvkls/ dqg rxwvlgh rzqhuvkls
grplqdwhv ehfdxvh lw gxoov wkhvh lqfhqwlyhv1
Zkhq wkhuh lv rqo| lqwhuqdo frpshwlwlrq +gxh wr orfn0lq h￿hfwv, wkh grplqdqw irup ri
rzqhuvkls lv hlwkhu dq hpsor|hh frrshudwlyh ru d sduwqhuvkls1 Wkh uhdvrq lv wkdw xqghu wklv
rzqhuvkls duudqjhphqw qr txdvl0uhqwv jhw glvvlsdwhg wr rxwvlgh rzqhuv eh wkh| fxvwrphuv
ru rwkhu wklug sduwlhv1 Krzhyhu/ hpsor|hh rzqhuvkls grhv qrw lqgxfh pd{lpdo lqwhuqdo
frpshwlwlrq ehfdxvh wkh ￿zlqqhu￿ lv irufhg wr vkduh khu pdujlqdo vxusoxv zlwk wkh ￿orvhu￿/
6Zkhq dvvhwv duh qrw lq sodfh dqg fdslwdo pxvw eh udlvhg wr ixqg sk|vlfdo lqyhvwphqwv wkhq wkh fdslwdolvwv
pxvw eh jlyhq surwhfwlrqv dorqj zlwk hpsor|hhv dqg fxvwrphuv1 Kdqvpdqq +4<<9, ghyhorsv d wkhru| ri
rzqhuvkls ri ￿upv edvhg rq wkh lghd wkdw wkh ￿up vkrxog eh rzqhg e| zkrhyhu qhhgv wkh juhdwhv surwhfwlrq1
Wklv lv krz kh dwwhpswv wr h{sodlq wkh suhgrplqdqfh ri rxwvlgh rzqhuvkls +e| fdslwdolvwv, lq wkh X1V1 dqg
rwkhu hfrqrplhv1
7vr wr vshdn1 Li wkhuh lv h{0dqwh khwhurjhqhlw| dprqj hpsor|hhv dqg rqh ri wkh wzr dsshduv
wr eh wkh pruh deoh rqh/ wkhq d ￿sduwqhuvkls￿/ zkhuh rqo| wkh deoh hpsor|hh lv wkh sduwqhu
+rzqhu, grplqdwhv wkh hpsor|hh frrshudwlyh/ zkhuh doo hpsor|hhv kdyh wkh vdph frqwuro
uljkwv1
Wkhuh lv rqh vshfldo fdvh/ krzhyhu/ zkhuh hpsor|hh rzqhuvkls +zklfkhyhu irup lw wdnhv, lv
grplqdwhg1 Wkdw lv zkhq wkhuh lv rqo| rqh uhohydqw fxvwrphu iru wkh ￿up*v vhuylfhv dqg wkdw
fxvwrphu rzqv wkh ￿up1 Zh vkdoo wklqn ri wklv fdvh dv yhuwlfdo lqwhjudwlrq1 Xqghu vxfk dq
rzqhuvkls duudqjhphqw lqwhuqdo frpshwlwlrq lv ￿hufhu wkdq xqghu hpsor|hh rzqhuvkls dqg/
frqvhtxhqwo|/ surylghv ehwwhu lqfhqwlyhv iru kxpdq fdslwdo lqyhvwphqw1 Lq idfw/ lq rxu prgho
lw surylghv ￿uvw0ehvw lqfhqwlyhv ehfdxvh xqghu frpshwlwlrq ª od Ehuwudqg +wkh prvw h{wuhph
irup ri frpshwlwlrq, wkh ￿zlqqhu￿ dssursuldwhv wkh ixoo pdujlqdo uhwxuq iurp lqyhvwphqw1
Qrwh wkdw xqghu rzqhuvkls e| pxowlsoh fxvwrphuv +h1j1 e| d fxvwrphu frrshudwlyh, lqwhu0
qdo frpshwlwlrq dv dq lqfhqwlyh vfkhph lv djdlq zhdnhqhg ehfdxvh vrph ri wkh txdvl0uhqwv
duh glvvlsdwhg wr lqiud0pdujlqdo fxvwrphuv zkr ehorqj wr wkh frrshudwlyh1 Dqrwkhu zd| ri
lqwhusuhwlqj wklv uhvxow lv wr revhuyh wkdw xqghu pxowlsoh fxvwrphu rzqhuvkls lqh!flhqflhv
dulvh gxh wr ￿frpprq djhqf|￿ sureohpv +vhh Ehuqkhlp dqg Zklqvwrq +4<;9,,1
Ilqdoo|/ xqghu lqwhuqdo dqg h{whuqdo frpshwlwlrq wkh udqnlqjv ri rzqhuvkls doorfdwlrqv
uhpdlq hvvhqwldoo| xqfkdqjhg h{fhsw lq wkh h{wuhph fdvh zkhuh hpsor|hhv* kxpdq fdslwdo
lv hqwluho| jhqhudo1 Lq wkdw fdvh dq luuhohydqfh uhvxow rewdlqv zkhq wkh ￿up*v dvvhwv duh
frpsohphqwdu| zlwk hpsor|hhv* kxpdq fdslwdo1
Vxusulvlqjo|/ zkhq wkhuh lv olwwoh frpsohphqwdulw| ehwzhhq dvvhwv rzqhuvkls pdwwhuv djdlq1
Dv lq wkh fdvh zlwk qr frpshwlwlrq hpsor|hhv whqg wr ryhulqyhvw lq kxpdq fdslwdo zkhq dvvhw
frpsohphqwdulw| lv orz dqg wkhlu lqfhqwlyhv wr lqyhvw pxvw eh gxoohg1 Wklv lv dfklhyhg zlwk
rzqhuvkls doorfdwlrqv zklfk uhgxfh wkh zlqqhu*v delolw| wr dssursuldwh wkh hqwluh pdujlqdo
vxusoxv1 Wkxv/ yhuwlfdo lqwhjudwlrq +iroorzhg e| dq hpsor|hh frrshudwlyh dqg rxwvlgh rzq0
huvkls, duh rswlpdo khuh ehfdxvh wkh| plqlpl}h wkh hpsor|hh*v delolw| wr h{wudfw d juhdwhu
vkduh ri vxusoxv e| errvwlqj khu rxwvlgh rswlrqv wkurxjk kxpdq fdslwdo lqyhvwphqwv1
Wkh uhpdlqghu ri wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 rxwolqhv wkh prgho1 Vhfwlrq
6 frqvlghuv rzqhuvkls ri ￿upv lq wkh devhqfh ri dq| frpshwlwlrq1 Vhfwlrq 7 doorzv iru
8frpshwlwlrq dprqj hpsor|hhv lqvlgh wkh ￿up1 Wklv lv d vlwxdwlrq zkhuh wkh hpsor|hhv*
h{0dqwh lqyhvwphqw lv vx!flhqwo| ￿up vshfl￿f wkdw wkh| duh h￿hfwlyho| orfnhg0lq1 Vhfwlrq 8
doorzv iru frpshwlwlrq zlwklq dqg dfurvv ￿upv1 Vhfwlrq 9 eulh | frqvlghuv wkh krul}rqwdo
lqwhjudwlrq ghflvlrq1 Ilqdoo|/ vhfwlrq : r￿huv vrph suholplqdu| frqfoxglqj uhpdunv1
WKH PRGHO
Zh frqvlghu d prgho zlwk dw prvw wzr ￿upv/ q fxvwrphuv/ p hpsor|hhv dqg o rxwvlgh
rzqhuv1 Wkh fruh wudqvdfwlrq zh irfxv rq lv d vhuylfh wr eh surylghg e| hpsor|hhv wr
fxvwrphuv1 Lq hdfk ￿up rqo| rqh hpsor|hh lv qhhghg wr vhuyh d vlqjoh fxvwrphu1 Zh lghqwli|
d ￿up zlwk d surgxfwlyh dvvhw/ zklfk idflolwdwhv wkh surylvlrq ri vhuylfhv1 Iru prvw ri wkh
sdshu zh vkdoo vxssrvh wkdw wkhuh duh pruh hpsor|hhv dydlodeoh wkdq fxvwrphuv wkdw qhhg
wr eh vhuyhg1 Zlwk pruh wkdq rqh hpsor|hh dydlodeoh shu fxvwrphu wkhuh lv frpshwlwlrq iru
wkh surylvlrq ri wkh vhuylfh ehwzhhq hpsor|hhv1
Wr nhhs wklqjv vlpsoh zh dvvxph wkdw doo djhqwv duh ulvn0qhxwudo dqg duh sulpdulo| lqwhu0
hvwhg lq pd{lpl}lqj lqfrph1 Wkh pdlq txhvwlrq zh vkdoo eh frqfhuqhg zlwk lv zkr vkrxog
frqwuro wkh xvh ri wkh dvvhw ru rzq wkh ￿up= hpsor|hhv/ fxvwrphuv ru rxwvlgh rzqhuvB Dv lq
Jurvvpdq dqg Kduw +4<;9, zh vkdoo vxssrvh wkdw rqo| rzqhuv kdyh uhvlgxdo uljkwv ri frqwuro
ryhu wkh dvvhw ru wkh ￿up1 Ehiruh wudqvdfwlqj hpsor|hhv fdq lqyhvw lq kxpdq fdslwdo1 Wklv
lqyhvwphqw hqkdqfhv wkh ydoxh ri wkh wudqvdfwlrq dqg lv qrq0frqwudfwleoh1
Wkhuh duh pdq| srvvleoh uhdo zruog h{dpsohv wkdw pd| fruuhvsrqg wr wklv vwulsshg grzq
vhw0xs= odz ￿upv/ frqvxowlqj ￿upv/ lqyhvwphqw ixqgv/ surihvvlrqdo vfkrrov/ U)G yhqwxuhv/
phglfdo ￿upv/ hwf1 Lq doo wkhvh h{dpsohv hpsor|hhv pxvw xqghuwdnh vhyhudo |hduv ri wudlqlqj
dqg xqghujr shulrglf uhwudlqlqj wr eh deoh wr surylgh hyhq edvlf vhuylfhv1 Dovr/ e| wkh wlph
wkh| duh wudqvdfwlqj wkhlu wudlqlqj frvwv duh vxqn dqg jhqhudoo| frqwudfwv zlwk fxvwrphuv
duh rqo| zulwwhq diwhu wudlqlqj kdv ehhq frpsohwhg1 Iru doo wkhvh h{dpsohv rqh revhuyhv d
ydulhw| ri gl￿huhqw rzqhuvkls duudqjhphqwv1 Vrph ￿upv duh rzqhg e| hpsor|hhv/ rwkhuv
e| fxvwrphuv ru rxwvlgh rzqhuv +vhh Kdqvpdqq +4<<9, iru dq ryhuylhz ri wkh gl￿huhqw
rzqhuvkls doorfdwlrqv revhuyhg lq sudfwlfh,1
9Irupdoo|/ rxu prgho ghvfulehv d pxowl0vwdjh jdph ehwzhhq ￿up rzqhuv/ hpsor|hhv dqg
fxvwrphuv1 Lq wkh ￿uvw vwdjh/ hpsor|hhv vlpxowdqhrxvo| pdnh frvwo| +xqyhul￿deoh, kxpdq
fdslwdo lqyhvwphqwv ri n￿ d wdf r v wr if￿+n￿,+ l @4 >==>q,1 Zh vkdoo dvvxph zlwkrxw pxfk orvv
ri jhqhudolw| wkdw f￿+n￿,@n￿1 Zkhq wklv lqyhvwphqw lv frpsohwhg/ hpsor|hhv/ ￿up rzqhuv
dqg fxvwrphuv pd| frqwudfw ryhu vhuylfh wudqvdfwlrqv lq d vhfrqg vwdjh ri rxu jdph1 Wkh
wrwdo h{shfwhg ydoxh ri d vhuylfh wr d fxvwrphu l lv jlyhq e| ￿￿y+n, li lw wdnhv sodfh rxwvlgh
wkh ￿up1 Zh dvvxph wkdw ￿￿ lv d udqgrp yduldeoh wdnlqj wzr ydoxhv/ ￿￿ 5i 3>4j1 Wkh
mrlqw glvwulexwlrq ryhu ￿￿
￿v lv vxfk wkdw wkh qxpehu ri fxvwrphuv zlwk ￿￿ @4qhyhu h{fhhgv
wkh qxpehu ri hpsor|hhv dydlodeoh1 Zkhq wkh wudqvdfwlrq wdnhv sodfh lqvlgh wkh ￿up wkh
h{shfwhg ydoxh ri wkh vhuylfh lv jlyhq e| ￿￿Y +n,1 Zh dvvxph wkurxjkrxw wklv sdshu wkdw =
Y +n, Ay +n, dqg Y ￿+n, A 3>y￿+n, A 3>Y ￿￿+n, ￿ 3>y￿￿+n, ￿ 3
D wudqvdfwlrq lq d ￿up fuhdwhv pruh ydoxh hlwkhu ehfdxvh wkh ￿up surylghv dffhvv wr
idflolwlhv zklfk rwkhuzlvh duh qrw dydlodeoh ru ehfdxvh wkh ￿up h{whqgv lw*v uhsxwdwlrq wr
wkh wudqvdfwlrq1 Dv lq Jurvvpdq dqg Kduw +4<;9,/ zh vkdoo dvvxph wkdw h{ srvw frqwudfwlqj
wdnhv sodfh xqghu v|pphwulf lqirupdwlrq dqg lv h!flhqw1
Wkxv/ wkh wlplqj ri pryhv lv dv iroorzv= +l, dw gdwh 3/ ￿up rzqhuvkls lv ghwhuplqhg> +ll,
dw gdwh 4/ hpsor|hhv pdnh kxpdq fdslwdo lqyhvwphqwv zklfk jhqhudwh xqfhuwdlq ydoxhv> +lll,
dw gdwh 5/ wkh xqfhuwdlqw| lv uhvroyhg dqg wkh sduwlhv edujdlq ryhu wkh sulfh ri wkh vhuylfh>
+ly, dw gdwh 6/ wkh vhuylfh lv surylghg1
Reylrxvo|/ d nh| txhvwlrq lv krz edujdlqlqj zrunv lq rxu prgho1 D qdwxudo dqg riwhq xvhg
edujdlqlqj vroxwlrq iru pxowlodwhudo edujdlqlqj sureohpv lv wkh Vkdsoh| ydoxh71 Krzhyhu/
zh eholhyh wkdw wkh Vkdsoh| ydoxh grhv qrw dghtxdwho| uh hfw wkh rxwfrph ri frpshwlwlrq
dprqj hpsor|hhv1 Zh vkdoo lqvwhdg frqvlghu dq dowhuqdwlyh edujdlqlqj vroxwlrq edvhg rq
wkh vr fdoohg ￿rxwvlgh rswlrq sulqflsoh￿ +vhh Elqpruh/ Uxelqvwhlq dqg Zrolqvn|/ 4<;9,18
7Wklv lv wkh edujdlqlqj vroxwlrq dgrswhg lq Jurvvpdq dqg Kduw +4<;9,/ Kduw dqg Prruh +4<<3, dqg Udmdq
dqg ]lqjdohv +4<<9, wr phqwlrq mxvw d ihz sdshuv zkhuh wklv vroxwlrq lv dgrswhg1
8D qxpehu ri sdshuv kdyh frqvlghuhg pxowlodwhudo edujdlqlqj vroxwlrqv edvhg rq wkh rxwvlgh rswlrq
sulqflsoh1 Vhh lq sduwlfxodu Erowrq dqg Zklqvwrq +4<<6,/ dqg gh Ph}d dqg Orfnzrrg +4<<9,1
:Wr vhh zk| wkh Vkdsoh| ydoxh lv qrw dq hqwluho| vdwlvidfwru| vroxwlrq frqvlghu wkh vlwxdwlrq
zkhuh wzr lghqwlfdo hpsor|hhv frpshwh iru d vlqjoh fxvwrphu zlwk h{0srvw ydoxh y1L q v x f k d
vlwxdwlrq frpshwlwlrq ª od Ehuwudqg ehwzhhq wkh hpsor|hhv zrxog ohdg wr d vxusoxv glylvlrq
zkhuh wkh fxvwrphu jhwv wkh zkroh qhw vxusoxv y1 Exw wkh Vkdsoh| ydoxh lq wklv fdvh lv 2
￿y
iru wkh fxvwrphu dqg ￿
Sy iru hdfk ri wkh hpsor|hhv1 Rxu edujdlqlqj vroxwlrq +edvhg rq wkh
rxwvlgh rswlrq sulqflsoh,/ lv wkh rqh wkdw uhsolfdwhv wkh Ehuwudqg rxwfrph1
Jlyhq wkdw zh frqvlghu edujdlqlqj vlwxdwlrqv lqyroylqj xs wr p.q.o sduwlhv +hpsor|hhv/
fxvwrphuv dqg rxwvlgh rzqhuv, zh fdqqrw xqiruwxqdwho| xvh dq ￿r￿ wkh vkhoi￿ edujdlqlqj0
zlwk0rxwvlgh0rswlrqv vroxwlrq/ vlqfh vxfk d vroxwlrq lv vlpso| qrw dydlodeoh lq wkh edujdlqlqj
olwhudwxuh1 Zh duh wkhuhiruh ohg wr vshfli| d yhu| vlpsoh h{whqvlyh irup edujdlqlqj jdph
zklfk fdswxuhv wkh orjlf ri wkh rxwvlgh rswlrq sulqflsoh dqg dssolhv wr wklv jhqhudo vhwwlqj1
Edujdlqlqj zlwk rxwvlgh rswlrqv jdph
Rxu edujdlqlqj jdph kdv wzr vwdjhv dqg wkh edvlf edujdlqlqj uxoh lv ghvljqhg wr fdswxuh
lq d vlpsoh zd| wkh pdlq orjlf ehklqg wkh rxwvlgh rswlrq sulqflsoh= e| ohwwlqj wkh zhdnhvw
sduw| +zkr kdv qr rxwvlgh rswlrq, pdnh d wdnh0lw0ru0ohdyh0lw r￿hu zh rewdlq d edujdlqlqj
vroxwlrq zkhuh rxwvlgh rswlrqv elqg vlqfh wkh sursrvhu fdq krog wkh rwkhu sduwlhv grzq wr
dw prvw wkhlu rxwvlgh rswlrqv1
Lq wkh ￿uvw vwdjh ri rxu jdph ￿up rzqhuv pdnh wdnh0lw0ru0ohdyh0lw r￿huv wr hpsor|hhv
dqg fxvwrphuv1 Wkxv/ wkh rzqhuv ri wkh ￿up fdq rqo| krog hpsor|hhv dqg fxvwrphuv grzq
wr wkh rxwvlgh rswlrq wkh| fdq rewdlq lq wkh vhfrqg vwdjh e| vwulnlqj d ghdo zlwkrxw wkh ￿up
rzqhuv1 Zkhq d ￿up lv rzqhg e| vhyhudo rzqhuv zh vkdoo dvvxph wkdw wkh| dfw dv d whdp
zkhq ghwhuplqlqj dq r￿hu dqg wkdw wkh| vkduh htxdoo| wkh jdlqv iurp rzqhuvkls91L iw k h
9Lw lv eh|rqg wkh vfrsh ri wklv sdshu wr dgguhvv wkh txhvwlrq ri frq lfwlqj remhfwlyhv dprqj pxowlsoh
rzqhuv dqg wr frqvlghu dowhuqdwlyh froohfwlyh ghflvlrq pdnlqj uxohv ehvlghv xqdqlplw|1 Khuh rzqhuv zulwh d
frpsuhkhqvlyh pxowlodwhudo frqwudfw dqg pd{lpl}h wkh mrlqw vxusoxv iurp rzqhuvkls1 Wklv pd| dsshdu wr
eh d udwkhu xquhdolvwlf ghvfulswlrq ri krz pxowlsoh ￿up rzqhuv uhdfk ghflvlrqv1 Lq sudfwlfh ghflvlrqv duh
jhqhudoo| uhdfkhg wkurxjk pdmrulw| yrwlqj dqg qrw wkurxjk qhjrwldwlrqv/ zkhq wkh qxpehu ri vkduhkroghuv lv
odujh1 Rxu prgho fdq eh dgdswhg wr doorz iru pdmrulw| yrwlqj dprqj rzqhuv zlwkrxw dowhulqj ixqgdphqwdoo|
;r￿hu lv dffhswhg e| doo wkh uhohydqw sduwlhv wkh frqwudfw lv vljqhg1 Li dw ohdvw rqh fxvwrphu
ru hpsor|hh uhmhfwv wkh rzqhu*v r￿hu/ wkh jdph pryhv wr wkh vhfrqg vwdjh1
Lq wkh vhfrqg vwdjh rqo| hpsor|hhv dqg fxvwrphuv edujdlq ryhu vhuylfh surylvlrq rxwvlgh
wkh ￿up1 Rqh ri wkhvh wzr sduwlhv pdnhv d wdnh0lw0ru0ohdyh0lw r￿hu/ zklfk wkh rwkhuv fdq
dffhsw ru uhmhfw1 Li lw lv dffhswhg wkh frqwudfw lv lpsohphqwhg1 Li lw lv uhmhfwhg wkhuh lv qr
wudgh dqg wkh jdph hqgv1 Wkh sduwlhv pdnlqj wdnh0lw0ru0ohdyh0lw r￿huv lq wkh vhfrqg vwdjh duh
wdnhq wr eh wkh zhdnhvw rqhv rq wkh orqj vlgh ri wkh pdunhw +zkr wkhuhiruh kdyh qr rxwvlgh
rswlrqv surwhfwlrq,1 E| dvvxpswlrq hpsor|hhv duh wkh zhdnhvw sduw|/ wkxv dw wklv vwdjh
wkh| pdnh r￿huv wr frpshwh iru wkh fxvwrphu*v exvlqhvv/ dqg hdfk hpsor|hh fdq rqo| krog
wkh fxvwrphu grzq wr khu rxwvlgh rswlrq/ zklfk lv wkh ehvw dowhuqdwlyh r￿hu wkh fxvwrphu
kdv uhfhlyhg1 Li wkhuh lv qr zhoo gh￿qhg orqj vlgh +wkdw lv/ wkh qxpehu ri hpsor|hhv htxdov
wkh qxpehu ri fxvwrphuv, wkhq wkh sduw| pdnlqj wkh wdnh0lw0ru0ohdyh0lw r￿hu lv ghwhuplqhg
zlwk wkh wrvv ri d frlq1 Wkh ghwdlov ri wkh jdph ydu| ri frxuvh zlwk wkh qxpehu ri ￿upv
dqg sod|huv lqyroyhg=
41 Zlwk d vlqjoh ￿up/ rqh hpsor|hh/ rqh fxvwrphu dqg ￿up0rzqhu wkh jdph zrunv dv
iroorzv= lq wkh ￿uvw vwdjh/ wkh ￿up0rzqhu pdnhv d wdnh0lw0ru0ohdyh0lw r￿hu wr wkh hp0
sor|hh dqg fxvwrphu1 Li rqh ri wkhp uhmhfwv/ wkh jdph pryhv wr wkh vhfrqg vwdjh
zkhuh wkh hpsor|hh pdnhv d wdnh0lw0ru0ohdyh0lw r￿hu wr wkh fxvwrphu zlwk suredelolw|
rqh kdoi dqg ylfh0yhuvd wkh fxvwrphu pdnhv d wdnh0lw0ru0ohdyh0lw r￿hu wr wkh hpsor|hh
zlwk suredelolw| rqh kdoi1
51 Zlwk d vlqjoh ￿up/ wzr hpsor|hhv/ rqh fxvwrphu dqg ￿up0rzqhu wkh deryh jdph lv
prgl￿hg rqo| lq wkh vhfrqg vwdjh zkhuh qrz wkh hpsor|hhv ehlqj rq wkh orqj vlgh ri
wkh pdunhw pdnh vlpxowdqhrxv r￿huv wr wkh vlqjoh fxvwrphu1
61 Zlwk wzr ￿upv/ hdfk zlwk wzr hpsor|hhv/ d vlqjoh fxvwrphu dqg ￿up0rzqhu/ wkh jdph
lv djdlq prgl￿hg dv iroorzv1 Lq wkh ￿uvw vwdjh/ wkh wzr ￿up rzqhuv pdnh wdnh0lw0ru0
ohdyh0lw r￿huv vlpxowdqhrxvo| wr doo hpsor|hhv dqg fxvwrphuv1 Li rqh ri wkh uhohydqw
wkh dqdo|vlv dqg uhvxowv1 Krzhyhu/ wklv zrxog uhtxluh vshfli|lqj d vrphzkdw pruh frpsoh{ jdph1
<sduwlhv uhmhfwv/ wkhq wkh jdph pryhv wr wkh vhfrqg vwdjh/ zkhuh hpsor|hhv qrz pdnh
frpshwlqj r￿huv wr fxvwrphuv1
Zkloh rwkhu edujdlqlqj vfhqdulrv h{lvw wkhvh zloo qrw eh uhohydqw dv zloo ehfrph fohdu
ehorz1
Dowkrxjk wkh uxohv ri wkhvh edujdlqlqj jdphv pd| dsshdu vrphzkdw duelwudu|/ wkh| fds0
wxuh wkh rxwvlgh rswlrq sulqflsoh1 Lw lv srvvleoh wr doorz iru ulfkhu +￿qlwh, edujdlqlqj jdphv
zlwk dowhuqdwlqj r￿huv dqg frxqwhu0r￿huv zklfk jlyh xqltxh edujdlqlqj vroxwlrqv lghqwlfdo wr
wkh rqh deryh +vhh h1j1 Erowrq dqg Zklqvwrq +4<<6,,1 Wkhvh edujdlqlqj jdphv pd| dsshdu
wr eh pruh vdwlvidfwru| dqg jhqhudo exw wkh| duh qr ohvv dg krf wkdq wkh rqh frqvlghuhg
khuh1
Jlyhq wkdw wkh jhqhudo jdph zlwk wzr ￿upv/ p hpsor|hhv/ q fxvwrphuv dqg o rzqhuv lv
vrphzkdw frpsoh{ zh vkdoo surfhhg e| h{dplqlqj wkuhh vshfldo fdvhv lq wxuq ri lqfuhdvlqj
frpsoh{lw|= l, qr frpshwlwlrq>l l ,lqwhuqdo frpshwlwlrq ehwzhhq hpsor|hhv zlwklq d
vlqjoh ￿up> lll, h{whuqdo dqg lqwhuqdo frpshwlwlrq dfurvv wzr ￿upv zlwk wzr hpsor|hhv
hdfk1
RSWLPDO RZQHUVKLS DOORFDWLRQ ZLWK QR FRPSHWLWLRQ
Lq wklv vhfwlrq zh frqvlghu d vlwxdwlrq zlwk qr frpshwlwlrq ehwzhhq hpsor|hhv1 Wkh
rswlpdo rzqhuvkls doorfdwlrqv rewdlqhg lq wklv fdvh zloo vhuyh dv xvhixo ehqfkpdunv wr
xqghuvwdqg wkh uhodwlrq ehwzhhq frpshwlwlrq dqg rzqhuvkls dqdo|}hg lq wkh qh{w vhfwlrqv1
Wkxv/ zh vkdoo frqvlghu khuh d vlqjoh ￿up zlwk rqo| rqh hpsor|hh/ dqg srvvleo| rqh rxwvlgh
rzqhu1 D krog0xs sureohp dulvhv khuh rqo| li wkhuh lv d vlqjoh fxvwrphu zlwk ￿￿ @4h{0srvw1
Dffruglqjo|/ zh vkdoo dovr dvvxph wkdw hlwkhu q @4ru/ li q ￿ 5/ wkdw wkh mrlqw suredelolw|
glvwulexwlrq ryhu ￿￿
￿v lv vxfk wkdw rqo| rqh fxvwrphu ghvluhv wkh vhuylfh h{0srvw1 Wkh pdlq
txhvwlrq zh vkdoo eh frqfhuqhg zlwk lv zkr vkrxog rzq wkh dvvhw/ wkh hpsor|hh/ fxvwrphuv/
ru dq rxwvlgh rzqhu1
Ehiruh zh dgguhvv wklv txhvwlrq zh frqvlghu zkdw kdsshqv zkhq wkh hpsor|hh dqg wkh
vlqjoh fxvwrphu zkr ydoxhv wkh vhuylfh ghflgh wr wudqvdfw rq wkhlu rzq zlwkrxw xvlqj wkh
43dvvhw ru wkh suhplvhv ri wkh ￿up1 Lq wklv fdvh wkh wrwdo h{0srvw vxusoxv iurp wkh wudqvdfwlrq/
y+n,/ lv vsolw htxdoo| ehwzhhq wkh hpsor|hh dqg wkh fxvwrphu dqg wkh hpsor|hh fkrrvhv n




dqg hqgv xs xqghulqyhvwlqj lq kxpdq fdslwdo1 Lqghhg/ iurp d ￿uvw0ehvw shuvshfwlyh kh
vkrxog vhw n wr pd{lpl}h
y+n, ￿ n=
Qrz/ vxssrvh wkdw wkh hpsor|hh xvhv wkh ￿up*v dvvhw wr vhuyh wkh fxvwrphu1 Kh lv wkhq
deoh wr jhqhudwh d wrwdo h{0srvw vxusoxv ri Y +n, Ay +n,1
Iru frqyhqlhqfh/ zh vkdoo dvvxph wkurxjkrxw wklv sdshu wkdw Y +n,@i +y+n,,/ zlwk i￿ ￿ 3
dqg i￿￿ ￿ 31 Khuh/ i￿ lv wkh pdujlqdo frqwulexwlrq ri wkh ￿up*v dvvhw wr wkh pdujlqdo ydoxh
ri surgxfwlrq1 Lw fdq eh wdnhq wr eh d phdvxuh ri wr wkh frpsohphqwdulw| ehwzhhq wkh
￿up*v dvvhw dqg wkh hpsor|hh*v lqyhvwphqw lq kxpdq fdslwdo1 Wkdw lv/ zkhq i￿ A 4 wkh
￿up*v dvvhw kdv d srvlwlyh pdujlqdo frqwulexwlrq wr wkh pdujlqdo ydoxh ri surgxfwlrq +l1h1
Y ￿ +n, ￿ y￿ +n,@+ i￿ ￿ 4,y￿ +n, A 3, ru lv frpsohphqwdu| wr wkh hpsor|hh*v lqyhvwphqw lq
kxpdq fdslwdo> dqg zkhq i￿ ￿ 4/ l1h1 Y ￿ +n, ?y ￿ +n,/ wkh ￿upv*v dvvhw kdv d qhjdwlyh
pdujlqdo frqwulexwlrq wr wkh pdujlqdo ydoxh ri surgxfwlrq wkxv lw lv qrw frpsohphqwdu| wr
wkh kxpdq fdslwdo1
Wkh ￿uvw0ehvw vroxwlrq khuh lv iru wkh hpsor|hh wr pd{lpl}h Y +n, ￿ n> dqg wr fkrrvh nW
vxfk wkdw=
Y ￿+nW,@i￿y￿+nW,@4 =
Reylrxvo|/ wkh hpsor|hh*v ￿uvw0ehvw lqfhqwlyhv wr lqyhvw lq kxpdq fdslwdo duh wkhq lq0
fuhdvhg li dqg rqo| li i￿ A 4 durxqg e n/ zkhuh e n vroyhv y￿+e n,@4 1
Zkdw kdsshqv qrz lq d vhfrqg0ehvw vlwxdwlrq zkhuh kxpdq fdslwdo lqyhvwphqw n lv qrw
frqwudfwleohB Zh ￿uvw orrn dw wkh fdvh zkhuh wkh ￿up lv rzqhg e| d wklug sduw|1
44Rxwvlgh Rzqhuvkls
H{0srvw lw lv dozd|v h!flhqw wr xqghuwdnh surgxfwlrq rq wkh ￿up*v suhplvhv/ vlqfh wkhq
pruh ydoxh lv fuhdwhg1 Wkxv/ xqghu rxwvlgh rzqhuvkls wkh rzqhu/ hpsor|hh dqg fxvwrphu
edujdlq ryhu Y +n,1 Lq wkh edujdlqlqj jdph vshfl￿hg deryh lw lv vwudljkwiruzdug wr vhh wkdw
wkh edujdlqlqj vroxwlrq lv dv iroorzv=
￿ wkh rxwvlgh rzqhu jhwv Y ￿ y
￿ wkh fxvwrphu dqg hpsor|hh hdfk jhw ￿
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Khqfh/ uhodwlyh wr wkh fdvh zkhuh surgxfwlrq lv xqghuwdnhq zlwkrxw wkh xvh ri wkh ￿up*v
dvvhw/ wkh hpsor|hh*v pdujlqdo lqfhqwlyhv wr lqyhvw duh xqfkdqjhg:1
Vxusulvlqjo|/ dowkrxjk wkhuh lv qr pdujlqdo frqwulexwlrq ri wkh ￿up*v dvvhw wr wkh hp0
sor|hh*v lqyhvwphqw lqfhqwlyhv khuh rxwvlgh rzqhuvkls pd| qhyhuwkhohvv eh suhihudeoh wr
rwkhu rzqhuvkls vwuxfwxuhv1 Wr vhh wklv/ frqvlghu qh{w wkh rxwfrph xqghu hlwkhu hpsor|hh
ru fxvwrphu rzqhuvkls1
:Qrwh wkdw li zh dgrsw wkh Vkdsoh| Ydoxh dv wkh edujdlqlqj vroxwlrq lqvwhdg zh rewdlq wkdw wkh rxwvlgh
rzqhu jhwv
T 3￿




21 Zlwk wklv vroxwlrq lw lv ohvv reylrxv
krz wkh hpsor|hh*v lfhqwlyhv wr lqyhvw gl￿hu iurp wkh fdvh ri frqwudfwlqj rxwvlgh wkh ￿up1 Klv lqfhqwlyhv wr
































Wkdw lv/ wkh hpsor|hh*v lqfhqwlyhv wr lqyhvw duh lqfuhdvhg li dqg rqo| li s
￿E&
?￿ : ￿ dqg wkh ￿up*v dvvhw lv
frpsohphqwdu| zlwk wkh hpsor|hh*v kxpdq fdslwdo1
45Hpsor|hh dqg fxvwrphu rzqhuvkls
Zkhq hlwkhu wkh hpsor|hh ru d vlqjoh fxvwrphu rzq wkh dvvhw wkh h{0srvw edujdlqlqj
vroxwlrq lv vlpso| T
2 iru erwk hpsor|hh dqg fxvwrphu1 Zh vxssrvh wkdw li d ￿up lv rzqhg
e| q ￿ 5 fxvwrphuv +dv lq d frqvxphu fr0rs,/ wkhuh lv rqo| rqh ri wkhp ydoxlqj wkh vhuylfh1
Wkhq hyhq wkh fxvwrphuv zkr gr qrw ydoxh wkh vhuylfh fdq h{wudfw vrph vxusoxv dv rzqhuv
ri wkh dvvhw1 Dvvxplqj wkdw dffhvv wr wkh dvvhw uhtxluhv wkh xqdqlprxv frqvhqw ri doo
fxvwrphuv wkh edujdlqlqj vroxwlrq wkhq lv vxfk wkdw doo fxvwrphuv jhw T 3￿
? hdfk dv rzqhuv
dqg wkh fxvwrphu zlwk ￿￿ @4dovr jhwv ￿
2 dv d fxvwrphu/ zkloh wkh hpsor|hh rqo| jhwv ￿
21
Wkxv/ xqghu hpsor|hh ru vlqjoh fxvwrphu rzqhuvkls +q @4 , wkh hpsor|hh*v pdujlqdo




Rwkhuzlvh/ wkh hpsor|hh*v pdujlqdo lqfhqwlyhv duh dv ehiruh1
Wkxv/ xqghu doo rzqhuvkls doorfdwlrqv wkh hpsor|hh xqghulqyhvwv li dqg rqo| li i￿ A ￿
21
Wkh rswlpdo rzqhuvkls doorfdwlrq
Frpsdulqj wkh h!flhqf| ri rxwvlgh rzqhuvkls dqg hpsor|hh2fxvwrphu rzqhuvkls/ zh fdq
vhh wkdw wkh hpsor|hh lq d ￿up xqghu rxwvlgh rzqhuvkls lqyhvwv pruh wkdq dq hpsor|hh lq
d ￿up xqghu hpsor|hh2fxvwrphu rzqhuvkls li dqg rqo| li i￿ ? 41
Frpsdulqj wkh hpsor|hh*v lqfhqwlyhv iru lqyhvwphqw lq kxpdq fdslwdo xqghu wkh wkuhh
uhjlphv zh fdq wkxv frqfoxgh wkdw hpsor|hh rzqhuvkls lv rswlpdo iurp dq h{0dqwh shuvshf0
wlyh li i￿ A 41 Lq rwkhu zrugv/ hpsor|hh rzqhuvkls lv rswlpdo zkhqhyhu wkh frpsohphqwdulw|
ehwzhhq wkh ￿up*v dvvhwv dqg wkh hpsor|hh*v kxpdq fdslwdo lv kljk1 Zkhq i￿ ? 4> rxwvlgh0
rzqhuvkls grplqdwhv lq jhqhudo/ h{fhsw zkhq i￿ ￿ ￿
2> lq wklv fdvh lw lv qrw fohdu zkhwkhu
xqghu0lqyhvwphqw xqghu hpsor|hh rzqhuvkls ru ryhu0lqyhvwphqw xqghu rxwvlgh rzqhuvkls lv
pruh h!flhqw1
Wr vxppdul}h/ rxu dqdo|vlv vr idu |lhogv wkh iroorzlqj uhvxow=
46Sursrvlwlrq 4 Zkhq wkhuh lv qr frpshwlwlrq/
41 wkh hpsor|hh dozd|v xqghulqyhvwv xqghu hpsor|hh0rzqhuvkls> xqghulqyhvwv xqghu rxwvlgh0
rzqhuvkls li i￿ A ￿
2> ryhulqyhvwv li i￿ ? ￿
2>
51 hpsor|hh rzqhuvkls grplqdwhv rxwvlgh0rzqhuvkls zkhqhyhu wkh ￿up*v dvvhw pdnhv d
srvlwlyh pdujlqdo frqwulexwlrq wr wkh pdujlqdo ydoxh ri surgxfwlrq/ wkdw lv/ i￿ A 4>
61 zkhq ￿
2 ?i ￿ ? 4 rxwvlgh0rzqhuvkls grplqdwhv hpsor|hh rzqhuvkls>
71 zkhq wkh hpsor|hh ryhu0lqyhvwv xqghu rxwvlgh0rzqhuvkls +i￿ ? ￿
2,/ hlwkhu rxwvlgh ru
hpsor|hh rzqhuvkls pd| eh rswlpdo ghshqglqj rq wkh wudgh0r￿ ehwzhhq ryhulqyhvwphqw
dqg xqghulqyhvwphqw > dqg
81 fxvwrphu rzqhuvkls lv htxlydohqw wr hpsor|hh rzqhuvkls zkhq wkhuh lv rqo| rqh fxv0
wrphu1 Zlwk pruh wkdq rqh fxvwrphu0rzqhu/ fxvwrphu rzqhuvkls lv htxlydohqw wr
rxwvlgh rzqhuvkls1
surri= reylrxv1
Wkhvh uhvxowv duh uhodwhg wr revhuydwlrqv pdgh uhfhqwo| e| Udmdq dqg ]lqjdohv +4<<9,
dqg gh Ph}d dqg Orfnzrrg +4<<9,1 Mxvw dv lq gh Ph}d dqg Orfnzrrg +4<<9, uhprylqj
rzqhuvkls ri wkh dvvhw iurp wkh hpsor|hh pd| lqgxfh klp wr lqyhvw pruh e| surylglqj klp
zlwk ehwwhu pdujlqdo lqfhqwlyhv wr lqyhvw1 Wkh h￿hfw zrunv wkurxjk wkh edujdlqlqj srvlwlrq
ri wkh hpsor|hh/ dv lq wkhlu prgho1
Dq lpsruwdqw gl￿huhqfh zlwk wkhlu dqdo|vlv lv wkdw khuh wkh uhprydo ri rzqhuvkls pd| eh
lqh!flhqw hyhq wkrxjk lw lqfuhdvhv lqyhvwphqw lqfhqwlyhv zkhq/ dv d uhvxow/ wkh hpsor|hh kdv
lqfhqwlyhv wr ryhulqyhvw1 Wkh phfkdqlvp ehklqg wkh uhvxow ri Udmdq dqg ]lqjdohv +4<<9, lv
gl￿huhqw iurp rxuv1 Lq wkhlu prgho h{0dqwh lqyhvwphqw pd| uhgxfh wkh ydoxh ri wkh dvvhw1 E|
uhprylqj rzqhuvkls ri wkh dvvhw wkh qhjdwlyh h￿hfw rq lqyhvwphqw lqfhqwlyhv ri wkh uhgxfwlrq
lq h{0srvw dvvhw ydoxh lv olplwhg/ vr wkdw lqyhvwphqw lqfhqwlyhv pd| eh lqfuhdvhg;1
;Zlwk wkh Vkdsoh| Ydoxh dv d edujdlqlqj vroxwlrq wkhuh pd| dovr eh ryhu0lqyhvwphqw lq kxpdq fdslwdo
xqghu rxwvlgh rzqhuvkls1 Wkh hpsor|hh wkhq ryhu0lqyhvwv lq kxpdq fdslwdo li dqg rqo| li/
47FRPSHWLWLRQ LQ LQWHUQDO ODERU PDUNHWV
Lq wklv vhfwlrq zh doorz iru lqwhuqdo frpshwlwlrq e| frqvlghulqj d vlqjoh ￿up zlwk wzr
hpsor|hhv/ d vlqjoh fxvwrphu zlwk ￿￿ @4 / dqg rqh rxwvlgh rzqhu1 Wklv zrxog eh d vlwxdwlrq
fruuhvsrqglqj wr shuihfw orfn0lq/ zkhuh hpsor|hhv* kxpdq0fdslwdo lv shuihfwo| ￿up vshfl￿f1
Zh ghqrwh e| y￿ dqg Y ￿ wkh ydoxh ri surgxfwlrq uhvshfwlyho| rxwvlgh dqg lq wkh ￿up
zlwk d vlqjoh hpsor|hh l @4 >5 /d q ge |Y wkh ydoxh ri surgxfwlrq zkhq erwk hpsor|hhv
sduwlflsdwh lq surgxfwlrq lq wkh ￿up1 Dovr/ zh ghqrwh e| n￿ wkh lqyhvwphqw lq kxpdq fdslwdo
ri hpsor|hh l @4 >51
Zh glvwlqjxlvk ehwzhhq irxu srvvleoh rzqhuvkls vwuxfwxuhv = l, rxwvlgh rzqhuvkls> ll,
hpsor|hh frrshudwlyh> lll, hpsor|hh sduwqhuvkls dqg ly, fxvwrphu frrshudwlyh1





y￿+n￿,@￿orj+4 . n￿, dqg y2+n2,@y zlwk suredelolw| ￿￿




zlwk ￿A4/ ￿￿ 5 +3>4, dqg ￿￿ . ￿2 @4 = Khuh/ wkh gl￿huhqfh m￿￿ ￿ ￿2m lv d phdvxuh
ri khwhurjhqhlw| ehwzhhq wkh wzr hpsor|hhv1 Dv ehiruh zh vhw Y ￿ @ i+y￿+n￿,, dqg Y 2 @
i+y2+n2,,/ zkhuh/ i lv wkh vdph lqfuhdvlqj ixqfwlrq dv lq vhfwlrq 61 Ilqdoo| zh dovr dvvxph
wkdw Y +n￿>n 2, @ pd{iY ￿+n￿,>Y2+n2,j1
Wklv irupdol}dwlrq fdswxuhv wkh lghd wkdw dowkrxjk hpsor|hhv pd| eh vlplodu h{ dqwh




























Dv zlwk rxu vroxwlrq/ ryhulqyhvwphqw pd| rffxu ehfdxvh lqyhvwphqw lq kxpdq fdslwdo vwuhqjwkhqv wkh
hpsor|hh*v edujdlqlqj srvlwlrq pruh wkdq lw dggv wr wkh wrwdo ydoxh ri surgxfwlrq lq wkh ￿up1
48fxvwrphu rqo| wkh ehwwhu hpsor|hh lv qhfhvvdu| iru surgxfwlrq1 Wklv dvvxpswlrq lpsolhv wkdw
h{0srvw frpshwlwlrq ehwzhhq hpsor|hhv wdnhv dq h{wuhph irup= h{ srvw rqo| rqh hpsor|hh
lv ydoxdeoh<1
Zlwk suredelolw| ￿￿ hpsor|hh 4 lv wkh ￿jrrg￿ hpsor|hh dqg frqwulexwhv d wrwdo ydoxh
ri Y ￿ @ i+￿orj+4 . n,,/ dqg hpsor|hh 5 lv wkh ￿edg￿ hpsor|hh zlwk d wrwdo ydoxh ri
Y 2 @ i+y,@Y 1 Ylfh0yhuvd/ zlwk suredelolw| ￿2/ Y ￿ @ i+y,@Y dqg Y 2 @ i+￿orj+4 .n,,1
Wr vlpsoli| rxu dqdo|vlv/ zh wdnh ￿ wr eh odujh hqrxjk wkdw ￿orj+4.n, Ayiru doo uhohydqw
fkrlfhv ri n1 Dovr/ iru frqyhqlhqfh zh vkdoo xvh wkh qrwdwlrq ￿ Y iru wkh kljkhu ydoxh ri wkh
wzr hpsor|hhv dqg Y iru wkh orzhu ydoxh1
Rxwvlgh Rzqhuvkls
Xqghu rxwvlgh rzqhuvkls qhjrwldwlrqv qrz lqyroyh wkh wzr hpsor|hhv/ wkh rzqhu dqg wkh
folhqw1 Dv ehiruh/ wkh hpsor|hhv fdq lq sulqflsoh r￿hu wkhlu vhuylfhv zlwkrxw xvlqj wkh ￿up*v
dvvhw1 Wkh wrwdo vxusoxv ri wklv h{fkdqjh zrxog eh orzhu exw wkh rzqhu zrxog wkhq eh fxw
rxw ri wkh ghdo1 Wklv srvvlelolw| surylghv wkh hpsor|hhv zlwk dq rxwvlgh rswlrq lq wkhlu
qhjrwldwlrqv zlwk wkh rzqhu1 Vlploduo|/ wkh rzqhu/ rqh ri wkh hpsor|hhv dqg wkh fxvwrphu
fdq iuhh}h rxw wkh rwkhu hpsor|hh1 Wkh rqo| sduw| wkdw fdqqrw eh h{foxghg lv wkh fxvwrphu1
Dv rxwolqhg lq vhfwlrq LL pxowlodwhudo edujdlqlqj khuh lv fdswxuhg lq d vlpsoh wzr0vwdjh
jdph/ zkhuh wkh rzqhu pdnhv d wdnh0lw0ru0ohdyh0lw r￿hu wr wkh wzr hpsor|hhv dqg wkh fxv0
wrphu lq wkh ￿uvw vwdjh/ dqg li wkh r￿hu lv uhmhfwhg/ wkh wzr hpsor|hhv pdnh wdnh0lw0ru0ohdyh0lw
r￿huv vlpxowdqhrxvo| wr wkh fxvwrphu lq wkh vhfrqg vwdjh1
Zlwkrxw orvv ri jhqhudolw|/ vxssrvh wkdw hpsor|hh H￿ lv h{0srvw pruh fdsdeoh wkdq hp0
sor|hh H21 Xvlqj edfnzdug lqgxfwlrq dqg vwduwlqj iurp wkh vhfrqg vwdjh erwk hpsor|hhv
frpshwh iru wkh fxvwrphu ª od Ehuwudqg dqg r￿hu y lq htxloleulxp1 Wkhuhiruh/ htxloleulxp
sd|r￿v lq wkdw vwdjh duh vxfk wkdw H￿ jhwv y ￿ y/ wkh fxvwrphu jhwv y/ dqg H2 jhwv }hur1
Wkhvh htxloleulxp sd|r￿v duh wkhlu rxwvlgh rswlrqv lq wkh ￿uvw urxqg ri edujdlqlqj zlwk wkh
<Lq dgglwlrq/ dq lpsolflw dvvxpswlrq lq wkhvh ixqfwlrqdo irupv lv wkdw kxpdq fdslwdo lqyhvwphqw rqo| dggv
ydoxh iru wkh hpsor|hh zkr lv ehvw h{ srvw1 Wklv dvvxpswlrq lv lqhvvhqwldo zkhq wkhuh lv rqo| rqh fxvwrphu1
49rzqhu1 Wkhuhiruh wkh rxwvlgh rzqhu zloo pdnh dq r￿hu ri y￿y wr H￿ dqg y wr wkh fxvwrphu
dqg nhhsv wkh uhvlgxdo ￿ Y ￿ ￿ y1 Wr vxppdul}h/ wkh rxwfrph ri pxowlodwhudo edujdlqlqj xqghu
rxwvlgh rzqhuvkls lv kljkoljkwhg lq wkh ohppd ehorz1
Ohppd 4 Xqghu rxwvlgh rzqhuvkls/ wkh edujdlqlqj vroxwlrq lv jlyhq e|=
Djhqw= hpsor|hh H￿ hpsor|hh H2 rxwvlgh rzqhu R fxvwrphu +￿￿ @4 ,
Sd|r￿= y ￿y 3 Y ￿ y y=
Jlyhq wkdw H￿ dqg H2 hdfk kdv uhvshfwlyho| dq ￿￿ dqg ￿2 fkdqfh ri ehlqj wkh ehwwhu
hpsor|hh h{ srvw/ wkhlu h{0dqwh h{shfwhg jurvv sd|r￿v duh ￿￿+y ￿ y, iru l @4 >5 xqghu
rxwvlgh rzqhuvkls1 Wkxv/ hpsor|hh H￿ +l @4 >5, fkrrvhv klv lqlwldo lqyhvwphqw lq kxpdq
fdslwdo n￿ jlyhq d ohyho n￿ fkrvhq e| hpsor|hh H￿ wr pd{lpl}h=
pd{
&￿Df
i￿￿+￿orj+4 . n￿, ￿ y, ￿n￿j +7,
Zh wkxv rewdlq hpsor|hhv* htxloleulxp lqyhvwphqw fkrlfhv xqghu rxwvlgh rzqhuvkls1
Ohppd 5 H{0dqwh htxloleulxp lqyhvwphqw ohyhov xqghu rxwvlgh rzqhuvkls duh43=
n￿
￿ @ ￿￿￿ ￿4/ l @4 >5=
Vlqfh zh duh frqvlghulqj d prgho zkhuh h{0srvw ydoxhv ri lqglylgxdo lqyhvwphqwv duh
vwrfkdvwlf zh rewdlq d yhu| vlpsoh vroxwlrq iru wkh rswlpdo fkrlfh ri lqyhvwphqwv iru wkh wzr
hpsor|hhv1 Lq sduwlfxodu/ zh qhhg qrw frqvlghu pl{hg vwudwhj| htxloleuld lq wkh lqyhvwphqw
vwdjh/ dv lq gh Ph}d dqg Orfnzrrg +4<<:, dqg Udmdq dqg ]lqjdohv +4<<:,1
Fxvwrphu Rzqhuvkls
Zkhq wkh ￿up lv rzqhg e| q fxvwrphuv +zlwk rqo| rqh ￿￿ @4fxvwrphu, pxowlodwhudo
edujdlqlqj zrunv dv xqghu rxwvlgh rzqhuvkls1 Wkh vlpsohvw vlwxdwlrq lv zkhq wkhuh lv d
vlqjoh fxvwrphu0rzqhu +q @4 ,1 Surfhhglqj e| edfnzdug lqgxfwlrq dqg dvvxplqj djdlq
43Zh dvvxph wkdw b lv dozd|v odujh hqrxjk wkdw wkh rswlpdo lqyhvwphqw ohyho lv dozd|v srvlwlyh1
4:wkdw H￿ kdv d kljkhu h{0srvw ydoxh wkh htxloleulxp sd|r￿v lq wklv fdvh duh kljkoljkwhg lq
wkh ohppd ehorz1
Ohppd 6 Wkh edujdlqlqj vroxwlrq xqghu rzqhuvkls e| d vlqjoh fxvwrphu lv
Djhqw= hpsor|hh H￿ hpsor|hh H2 fxvwrphu F
Sd|r￿= Y ￿ Y 3 Y
Zkhq pruh wkdq rqh fxvwrphu rzqv wkh ￿up wkh edujdlqlqj vroxwlrq lv forvhu wr rxwvlgh
rzqhuvkls dqg lv kljkoljkwhg lq wkh ohppd ehorz1
Ohppd 7 Xqghu rzqhuvkls e| d fxvwrphu frrshudwlyh/ wkh edujdlqlqj vroxwlrq lv jlyhq e|=
Djhqw= hpsor|hh H￿ hpsor|hh H2 fxvwrphuv +￿￿ @3 , fxvwrphu +￿￿ @4 ,




Jlyhq wkdw hdfk hpsor|hh H￿ kdv dq ￿￿ fkdqfh ri ehlqj wkh ehwwhu hpsor|hh h{ srvw/




xqghu rzqhuvkls e| d vlqjoh
fxvwrphu dqg ￿￿ +y ￿ y, xqghu d fxvwrphu frrshudwlyh1 Wkhuhiruh hdfk hpsor|hh fkrrvhv
wkh vdph lqyhvwphqw ohyho xqghu d fxvwrphu frrshudwlyh dv xqghu rxwvlgh rzqhuvkls1 Exw
xqghu rzqhuvkls e| d vlqjoh fxvwrphu hpsor|hhv pd{lpl}h
pd{
&￿Df
i￿￿+i+￿orj+4 . n￿,, ￿ i+y,, ￿n￿j +8,
Wkhuhiruh htxloleulxp lqyhvwphqwv xqghu fxvwrphu rzqhuvkls duh dv vxppdul}hg lq wkh
iroorzlqj ohppd1
Ohppd 8 Htxloleulxp lqyhvwphqw ohyhov xqghu d fxvwrphu frrshudwlyh +zlwk q ￿ 5,d u h
wkh vdph dv xqghu rxwvlgh rzqhuvkls1 Exw xqghu rzqhuvkls e| d vlqjoh fxvwrphu wkh| duh=
n￿
￿ @ ￿￿￿i￿ ￿ 4
Lw lv hdv| wr vhh khuh wkdw wkh lqyhvwphqw lqfhqwlyhv ri hdfk hpsor|hh xqghu rzqhuvkls e|
d vlqjoh fxvwrphu frlqflgh zlwk wkh vrfldoo| rswlpdo lqyhvwphqw lqfhqwlyhv1 Lqghhg/ li wkh




i^￿￿i+￿orj+4 . n￿,, ￿ n￿‘.^ ￿2i+￿orj+4 . n2,, ￿ n2‘j
dqg zh kdyh44/
Ohppd 9 Wkh Iluvw0ehvw fkrlfh ri lqyhvwphqw ohyhov lv=
nW
￿ @ ￿￿￿i￿ ￿ 4=
Dv wklv vxevhfwlrq kljkoljkwv fxvwrphu rzqhuvkls kdv gudpdwlfdoo| gl￿huhqw h￿hfwv gh0
shqglqj rq zkhwkhu lw lv d irup ri yhuwlfdo lqwhjudwlrq/ dv xqghu rzqhuvkls e| d vlqjoh
fxvwrphu/ ru d irup ri frpprq djhqf|/ dv xqghu d fxvwrphu frrshudwlyh1
Li rqh lqwhusuhwv wkh vlqjoh fxvwrphu dv d uhsuhvhqwdwlyh iru vhyhudo krprjhqrxv fxvwrphuv
dqg rxu frrshudwlyh zlwk pxowlsoh fxvwrphuv dv d fxvwrphu frrshudwlyh zkhuh phpehuv duh
khwhurjhqhrxv wkhq rxu uhvxow ohdgv wr wkh frqfoxvlrq wkdw zkhq phpehuv duh krprjhqhrxv
wkh frrshudwlyh lv pruh h!flhqw dqg zkhq wkh| duh khwhurjhqhrxv lw lv ohvv h!flhqw1 Zh
fdq wkxv rewdlq d vlplodu frqfoxvlrq dv Kduw dqg Prruh +4<<;, exw lq d gl￿huhqw prgho1
Hpsor|hh Rzqhuvkls
Zh vkdoo frqvlghu wzr irupv ri hpsor|hh rzqhuvkls1 Dq hpsor|hh frrshudwlyh/ zkhuh doo
hpsor|hhv kdyh htxdo rzqhuvkls dqg frqwuro uljkwv/ dqg dq +hpsor|hh, sduwqhuvkls/ zkhuh
rqo| wkh sduwqhu+v, kdyh frqwuro uljkwv dqg qrw rwkhu hpsor|hhv1
Hpsor|hh Frrshudwlyh
Zkhq wkh ￿up lv rzqhg mrlqwo| e| hpsor|hhv/ ghflvlrqv rq wkh xvh ri wkh ￿up*v dvvhwv pxvw
eh djuhhg rq e| erwk hpsor|hhv/ vr wkdw wkh rzqhuvkls sd|r￿ lv glylghg htxdoo| ehwzhhq wkh
44Qrwh wkdw zh pxvw kdyh s
￿ :
￿
kb dqg k ’ 4￿?tk￿ck 2￿/ khuh wr jxdudqwhh wkdw wkh ￿uvw ehvw lqyhvwphqw
lv qrq0qhjdwlyh1 Djdlq/ wklv uhtxluhv b wr eh odujh hqrxjk1
4<wzr hpsor|hhv451 Wkhuhiruh/ wkh edg hpsor|hh jhwv ￿
2
￿￿ Y ￿ ￿ y
￿
/ dqg wkh jrrg hpsor|hh jhwv
￿
2




￿￿ Y .￿ y
￿
￿y lq htxloleulxp/ zkhuh +dv ehiruh, +￿ y ￿y, lv wkh rxwvlgh
rswlrq ri wkh jrrg hpsor|hh1 Wkxv/ wkh edujdlqlqj vroxwlrq xqghu dq hpsor|hh frrshudwlyh
+zkhq H￿ kdv wkh kljkhu h{0srvw ydoxh, lv dv ghvfulehg lq wkh ohppd ehorz1 Qrwh wkdw dq
lpsruwdqw h￿hfw ri mrlqw hpsor|hh rzqhuvkls lv wr gxoo frpshwlwlrq dprqj hpsor|hhv1
Ohppd : Wkh edujdlqlqj vroxwlrq xqghu rzqhuvkls e| dq hpsor|hh frrshudwlyh lv=
Djhqw= hpsor|hh H￿ hpsor|hh H2 fxvwrphu +￿￿ @4 ,
Sd|r￿= ￿
2
￿￿ Y .￿ y
￿
￿ y ￿
2+Y ￿ ￿ y, ￿ y
Hdfk hpsor|hh H￿ kdv dq ￿￿ fkdqfh ri ehlqj d jrrg hpsor|hh1 Li wkh hpsor|hh lv edg
h{ srvw kh zloo vlpso| jhw d vkduh ri wkh vxusoxv dv d fr0rzqhu/ exw klv kxpdq fdslwdo



















+i￿ .4 ,￿ 4
Sduwqhuvkls
Xqghu d sduwqhuvkls/ ghflvlrq uljkwv frqfhuqlqj wkh xvh ri wkh ￿up*v dvvhwv duh doorfdwhg
wr rqo| rqh hpsor|hh/ wkh sduwqhu461 Wkdw lv/ xqdqlplw| dprqj doo hpsor|hhv lv qr orqjhu
uhtxluhg wr wdnh d ghflvlrq1 Wklv uhjlph doorzv iru d vwurqjhu irup ri frpshwlwlrq wr wdnh
sodfh1 Zkhq wkh sduwqhu lv ehwwhu wkdq wkh mxqlru hpsor|hh kh lpsuryhv klv edujdlqlqj
45Dq dowhuqdwlyh irupxodwlrq zklfk |lhogv wkh vdph uhvxowv lv wkdw rqh hpsor|hh lv slfnhg dw udqgrp wr
ghflgh rq wkh xvh ri wkh ￿up*v dvvhw1
46Zlwk wzr hpsor|hhv wklv kdugo| orrnv olnh d sduwqhuvkls1 Dowkrxjk wklv fdvh orrnv duwl￿fldo zlwk wzr
hpsor|hhv lw vkrxog eh fohdu wkdw lw fruuhvsrqgv wr d pruh jhqhudo vlwxdwlrq zkhuh rqo| wkh prvw deoh
hpsor|hhv duh surprwhg wr wkh udqn ri sduwqhu dqg duh wkxv jlyhq frqwuro uljkwv1
53srvlwlrq wkurxjk klv rxwvlgh rswlrq1 Exw zkhq kh lv zruvh/ kh vlpso| dfwv olnh dq rxwvlgh
rzqhu1 Zh vxssrvh djdlq/ zlwkrxw orvv ri jhqhudolw|/ wkdw H￿ lv wkh jrrg hpsor|hh1 Zkhq
kh lv wkh rzqhu +wkdw lv/ zkhq wkh rzqhu lv wkh jrrg hpsor|hh h{ srvw, wkhq wkh edujdlqlqj
vroxwlrq lv jlyhq e|=
Djhqw= sduwqhu H￿ hpsor|hh H2 fxvwrphu +￿￿ @4 ,
Sd|r￿= Y ￿ y 3 y
Lqghhg/ lq wkdw fdvh wkh sureohp uhgxfhv wr d vlpsoh elodwhudo edujdlqlqj jdph zlwk dq
rxwvlgh rswlrq iru wkh fxvwrphu +zklfk lv wr jhw wkh vhuylfh iurp wkh edg hpsor|hh rxwvlgh
wkh ￿up*v suhplvhv,1 Li/ krzhyhu/ wkh rzqhu lv wkh edg hpsor|hh h{ srvw +wkdw lv khuh/ li
hpsor|hh H2 lv wkh rzqhu, wkhq wkh edujdlqlqj vroxwlrq lv vlplodu wr wkdw xqghu rxwvlgh
rzqhuvkls +zlwk hpsor|hh H2 dfwlqj olnh dq rxwvlgh rzqhu, dqg lv jlyhq e|=
Djhqw= hpsor|hh H￿ sduwqhu H2 fxvwrphu +￿￿ @4 ,
Sd|r￿= y ￿ Y Y ￿ y Y
Wkhuhiruh/ li hpsor|hh H￿ lv wkh rzqhu klv h{0dqwh h{shfwhg jurvv sd|r￿ lv jlyhq e|=
￿￿+Y +n￿, ￿ y+n2,, . ￿2+Y +n2, ￿ y+n2,,=
Dqg hpsor|hh H2 *v h{0dqwh h{shfwhg sd|r￿ lv ￿2+y+n2, ￿ Y +n￿,,1
Khqfh/ H￿ dqg H2 fkrrvh wkhlu kxpdq fdslwdo lqyhvwphqwv wr vroyh uhvshfwlyho|=
pd{
&￿Df




i￿2+￿orj+4 . n2, ￿ y, ￿ n2j +;,
Zh wkxv rewdlq wkh iroorzlqj k|eulg vroxwlrq iru wkh htxloleulxp lqyhvwphqw ohyhov xqghu
d sduwqhuvkls +khuh H￿￿rzqhuvkls,=
Ohppd < Wkh htxloleulxp lqyhvwphqw ohyhov xqghu dq H￿￿sduwqhuvkls duh=
n
.￿
￿ @ ￿￿￿i￿ ￿ 4/ iru wkh rzqhu hpsor|hh H￿> dqg
n.￿
2 @ ￿2￿ ￿ 4/ iru wkh qrq0rzqhu hpsor|hh H2=
54Uhpdun 4 Qrwh wkdw wkh lqfhqwlyhv iru wkh qrq0rzqhu hpsor|hh duh wkh vdph dv xqghu
rxwvlgh rzqhuvkls dqg wkdw wkh sduwqhu0hpsor|hh kdv vrfldoo| rswlpdo lqfhqwlyhv wr lqyhvw
zkhq i￿ A 4 +d vlplodu uhvxow dv wkdw lq wkh fdvh ri qr frpshwlwlrq,1
Frpsdulqj Rzqhuvkls Doorfdwlrqv
Frpsdulqj htxloleulxp lqyhvwphqw ohyhov xqghu gl￿huhqw rzqhuvkls vwuxfwxuhv zh rewdlq
wkh iroorzlqj udqnlqj ri rzqhuvkls vwuxfwxuhv xqghu sxuh lqwhuqdo frpshwlwlrq ehwzhhq
hpsor|hhv1
Sursrvlwlrq 5 =Zkhq wkhuh lv lqwhuqdo frpshwlwlrq ehwzhhq hpsor|hhv +dqg rxwvlgh rswlrqv
elqg, wkhq=
41 rzqhuvkls e| d vlqjoh fxvwrphu +yhuwlfdo lqwhjudwlrq, dfklhyhv wkh ￿uvw ehvw>
51 Zkhq i￿ A 4 doo rwkhu rzqhuvkls vwuxfwxuhv jlyh ulvh wr xqghulqyhvwphqw>
61 Zkhq i￿ ? 4 doo rwkhu rzqhuvkls vwuxfwxuhv jlyh ulvh wr ryhulqyhvwphqw>
71 Li ￿￿ @ ￿￿ +hpsor|hhv duh h{0dqwh krprjhqhrxv,/ zkhuh l @4 >5/ rzqhuvkls vwuxfwxuhv
duh udqnhg dv iroorzv= wkh hpsor|hh frrshudwlyh lv wkh vhfrqg0ehvw rzqhuvkls doorfdwlrq/
iroorzhg e| dq +hpsor|hh, sduwqhuvkls / zklfk lq wxuq grplqdwhv rxwvlgh rzqhuvkls
dqg d fxvwrphu frrshudwlyh/
81 Li ￿￿   ￿￿ +hpsor|hhv duh h{0dqwh khwhurjhqhrxv,/ dqg H￿ lv wkh rzqhu/ wkhq wkh sduw0
qhuvkls lv wkh vhfrqg0ehvw rzqhuvkls doorfdwlrq> lw grplqdwhv wkh hpsor|hh frrshudwlyh/
zklfk lq wxuq grplqdwhv rxwvlgh rzqhuvkls dqg wkh fxvwrphu frrshudwlyh1
surri= reylrxv1
Wkh uhdvrq zk| rzqhuvkls e| d vlqjoh fxvwrphu dfklhyhv wkh ￿uvw ehvw lv ehfdxvh wkh
hpsor|hh jhwv doo wkh pdujlqdo uhwxuq iurp lqyhvwphqw zkhq edujdlqlqj zlwk wkh vlqjoh
fxvwrphu0rzqhu1 Krzhyhu/ xqghu rwkhu rzqhuvkls vwuxfwxuhv hlwkhu wkhuh duh srvvlelolwlhv
55iru wkh hpsor|hh wr surylgh wkh vhuylfh rxwvlgh wkh ￿up ru wkh pdujlqdo uhwxuq kdv wr eh
vkduhg zlwk rwkhuv1 Lq erwk fdvhv wkh lqfhqwlyhv ri wkh hpsor|hh duh glvwruwhg1
Lw lv zruwk kljkoljkwlqj wkh frpsdulvrq ehwzhhq wkh hpsor|hh frrshudwlyh dqg wkh sduw0
qhuvkls1 Zkhq erwk hpsor|hhv duh vx!flhqwo| vlplodu h{0dqwh/ l1h1 ￿￿ r ￿￿/ wkhq surylglqj
wkh vdph lqfhqwlyhv wr erwk hpsor|hhv +xqghu dq hpsor|hh frrshudwlyh, lv pruh h!flhqw1 Lw
lv vwudljkwiruzdug wr yhuli| wkdw vlqfh wkh surgxfwlrq ixqfwlrq lv vwulfwo| frqfdyh wkh mrlqw0
hpsor|hh rzqhuvkls vwuxfwxuh/ zklfk kdv d orzhu yduldqfh ri lqyhvwphqw ohyhov dfurvv hp0
sor|hhv/ grplqdwhv wkh sduwqhuvkls/ zklfk lqgxfhv dssur{lpdwho| wkh vdph shu fdslwd ohyho
ri lqyhvwphqwv1 Krzhyhu/ zkhq hpsor|hhv duh vx!flhqwo| gl￿huhqw h{0dqwh/ l1h1 ￿￿   ￿￿/
doorfdwlqj rzqhuvkls wr wkh ehwwhu hpsor|hh zloo surylgh pruh lqfhqwlyhv iru wkh ehwwhu
hpsor|hh vr wkdw wkh h{shfwhg ydoxh xqghu wkh sduwqhuvkls lv kljkhu1
D pdmru gl￿huhqfh zlwk wkh fdvh ri qr frpshwlwlrq lv wkdw qrz rxwvlgh rzqhuvkls lv
dozd|v wkh zruvw rzqhuvkls doorfdwlrq +wrjhwkhu zlwk wkh fxvwrphu frrshudwlyh,1 Lw hlwkhu
jlyhv ulvh wr wkh zruvw xqghulqyhvwphqw ru wr wkh zruvw ryhulqyhvwphqw1
Dq lpsruwdqw lpsolfdwlrq ri rxu wkhru| lv wkdw wkh rswlpdo rzqhuvkls vwuxfwxuh pd|
ghshqg rq wkh gl￿huhqwldo delolw| ri hpsor|hhv1 Li hpsor|hhv duh pruh ru ohvv htxdoo| deoh
wkhq doorfdwlqj rzqhuvkls wr doo hpsor|hhv lv wkh vhfrqg ehvw vroxwlrq1 Li/ krzhyhu/ wkh|
gl￿hu vxevwdqwldoo| lq delolw| ru wudlqlqj wkhq d sduwqhuvkls lv wkh suhihuuhg prgh1 Wkhvh
uhvxowv pd| vkhg vrph oljkw rq vrph revhuydwlrqv rq hpsor|hh frrshudwlyhv1 Iru h{dpsoh/
lq so|zrrg frrshudwlyhv/ zrunhu0rzqhuv duh vhpl0vnloohg dqg frpprqo| urwdwh ryhu wlph
wkurxjk wkh ydulrxv mrev> pdqdjhuv duh jhqhudoo| qrw phpehuv ri wkh frrshudwlyh/ exw
udwkhu duh kluhg dv vdodulhg hpsor|hhv +Juhhqehuj/ 4<;7,1
Zkhq hpsor|hhv gl￿hu vxevwdqwldoo| lq delolw| rqh whqgv wr revhuyh sduwqhuvklsv dv d suh0
ihuuhg prgh ri rujdql}dwlrq1 Iru h{dpsoh/ lq wkh vhuylfh surihvvlrqv/ vxfk dv odz/ dffrxqw0
lqj/ lqyhvwphqw edqnlqj/ frqvxowlqj/ dgyhuwlvlqj/ dufklwhfwxuh/ hqjlqhhulqj/ dqg phglflqh
+Kdqvpdqq/ 4<<9/ ss19909<, sduwqhuvklsv duh d yhu| frpprq irup ri rujdql}dwlrq1 Khuh/
sduwqhuv duh wkh hpsor|hhv zkr kdyh shuiruphg zhoo lq wkh sdvw1 Lq wkh fdvh ri odz ￿upv/
wkh sduwqhuv lq d odz ￿up duh wkh pruh txdol￿hg dqg h{shulhqfhg odz|huv zlwk kljkhu vnloov
dqg surgxfwlylw|/ dqg ohvv txdol￿hg odz|huv duh nhsw dv shupdqhqw dvvrfldwhv +Kdqvpdqq/
564<<9/ s1<4/ <7 dqg q1<,1 \hw dqrwkhu uhfhqw h{dpsoh +zklfk lv vwloo dw dq h{shulphqwdo
vwdjh, lv Xqlwhg Dluolqhv/ zklfk lv rzqhg dqg frqwuroohg e| slorwv dqg phfkdqlvwv rqo| dqg
qrw e| wkh pdmrulw| ri hpsor|hhv1 Dv lw wxuqv rxw slorwv dqg phfkdqlvwv duh wkh prvw vnloohg
hpsor|hhv lq wkh ￿up +Kdqvpdqq/ 4<<9/ ss144:044;,1
Rxu prgho dovr vkhgv qhz oljkw rq h{lvwlqj fxvwrphu frrsv zkhuh rzqhuv duh d jurxs ri
uhjxodu fxvwrphuv1 Iru h{dpsoh/ wkh Dvvrfldwhg Suhvv kdv orqj ehhq d frrs rzqhg e| lwv
fxvwrphuv ￿ wkrxvdqgv ri qhzvsdshuv dqg eurdgfdvwlqj vwdwlrqv +Kdqvpdqq/ 4<<9/ s148;,>
uhwdlohu rzqhg zkrohvdoh frrsv dffrxqwhg iru ;3( ri wkh XV kdugzduh pdunhw +Kdqvpdqq/
4<<9/ s148:,> PdvwhuFdug dqg Ylvd duh frrsv rzqhg e| kxqguhgv ri orfdo edqnv +Kdqv0
pdqq/ 4<<9/ s148;,> Doolhg Ydq Olqhv zdv d frrs rzqhg e| kxqguhgv ri prylqj frpsdqlhv
+Kdqvpdqq/ 4<<9/ s148;,> Ilqdoo|/ 76( ri ihuwlol}hu> 6;( ri shwuro> 63( ri fkhplfdov lq XV
idupv zhuh vxssolhg e| idup vxsso| frrsv +Kdqvpdqq/ 4<<9/ s147<,1 Doo wkhvh h{dpsohv
duh dnlq wr rxu vlqjoh fxvwrphu0rzqhu prgho +zlwk ￿￿ @4 , lq wkh vhqvh wkdw doo rzqhuv duh
uhjxodu fxvwrphuv lq wkhvh h{dpsohv/ vr wkdw ihz ri wkhp duh pruh rzqhuv wkdq fxvwrphuv1
Lq rwkhu zrugv/ doo wkhvh h{dpsohv duh vlwxdwlrqv zkhuh wkh frpprq djhqf| sureohp dprqj
fxvwrphu0rzqhuv lv uhgxfhg1 Kdylqj vdlg wklv/ wklv dqdorj| lv rqo| vxjjhvwlyh dqg rxu prgho
zrxog uhtxluh d vljql￿fdqw h{whqvlrq wr fdswxuh pruh dffxudwho| wkhvh pxowl0fxvwrphu ru0
jdql}dwlrqv1
Uhodwhg dqg frqyhuvho|/ li zh lqwhusuhw vwdwh rzqhuvkls dv d irup ri qdwlrq0zlgh fxvwrphu
rzqhuvkls/ zkhuh frpprq djhqf| sureohpv duh olnho| wr eh pruh vhyhuh/ wkhq rxu dqdo|vlv
vxjjhvwv wkdw vxfk d irup ri sxeolf rzqhuvkls lv olnho| wr eh lqh!flhqw1
H[WHUQDO FRPSHWLWLRQ
Lq wkh suhylrxv vhfwlrq zh frqvlghuhg rqo| frpshwlwlrq ehwzhhq hpsor|hhv zlwklq d vlqjoh
￿up1 Hyhq li wkhuh duh vhyhudo ￿upv wklv lv wkh rqo| srvvleoh irup ri frpshwlwlrq li hpsor|hhv*
lqyhvwphqwv lq kxpdq fdslwdo duh hqwluho| ￿up0vshfl￿f/ ru li hpsor|hhv duh hqwluho| orfnhg0lq
wkhlu ￿up iru rwkhu uhdvrqv1 Lq sudfwlfh wkhuh lv dozd|v vrph irup ri orfn0lq ri hpsor|hhv1
Krzhyhu/ ghvslwh wkh olnho| suhvhqfh ri vrph orfn0lq lw lv qrw jhqhudoo| dssursuldwh wr dvvxph
57wkdw orfn0lq lv wrwdo1
Wkhuhiruh/ lq wklv vhfwlrq zh doorz iru erwk frpshwlwlrq zlwklq dqg ehwzhhq ￿upv1 Zh
vkdoo frqvlghu d oderu pdunhw zkhuh hpsor|hhv* kxpdq fdslwdo lv lghdoo| pdwfkhg wr d vshfl￿f
￿up1 Lq vxfk d vlwxdwlrq lqwhuqdo dqg h{whuqdo frpshwlwlrq duh frpsohphqwdu|1
H{whuqdo Frpshwlwlrq zlwk Pdwfklqj
Zh ￿uvw orrn dw d fdvh zkhuh kxpdq fdslwdo lv sduwldoo| ￿up0vshfl￿f lq wkh vhqvh wkdw rqh
￿up fdq xvh dq hpsor|hh*v kxpdq fdslwdo ehwwhu wkdq wkh rwkhu/ exw wklv hpsor|hh*v kxpdq
fdslwdo lv dovr xvhixo wr wkh rwkhu ￿up1 Wkdw lv/ wkhuh lv d pdwfklqj sureohp ehwzhhq ￿upv
dqg hpsor|hhv zkloh hpsor|hhv duh frpshwlqj zlwk hdfk rwkhu1
Zh frqvlghu wkh vlpsohvw srvvleoh pdwfklqj prgho zlwk rqo| wzr ￿upv/ D dqg E/w z r
hpsor|hhv lq hdfk ￿up ghqrwhg e| H￿￿>H ￿2 dqg H￿￿>H ￿2/ dqg wzr fxvwrphuv ghqrwhg F￿
dqg F￿1
Djdlq/ zh dvvxph wkdw Y +n￿>n 2, @ pd{iY ￿+n￿,>Y2+n2,j1 Wkdw lv/ wkh ehvw hpsor|hh
ghwhuplqhv wkh ydoxh ri wkh ￿up*v surgxfw1 Zh vhw xs wkh prgho wr doorz iru pdwfklqj
ehwzhhq hpsor|hhv dqg ￿upv dv iroorzv1 Fxvwrphuv dqg ￿upv duh qrz gl￿huhqwldwhg dqg
hdfk ￿up fdq vhuyh rqo| wkh fruuhvsrqglqj fxvwrphu/ vr wkdw wkhuh lv qr frpshwlwlrq ehwzhhq
￿upv lq wkh surgxfw pdunhw1 Pruhryhu/ hpsor|hhv* kxpdq fdslwdo lv qrz dvvxphg wr eh
ehwwhu vxlwhg h{ srvw lq rqh ￿up wkdq wkh rwkhu1 Wkdw lv/ iru dq| ri wkh irxu hpsor|hhv zh
kdyh Y￿+n￿￿, 9@ Y￿+n￿￿,1 Krzhyhu/ zh frqwlqxh wr dvvxph wkdw doo hpsor|hhv duh lghqwlfdo h{
dqwh dqg wkdw wkhlu lqyhvwphqwv kdyh d udqgrp ydoxh1 Zh dovr uhwdlq wkh vdph vwrfkdvwlf
vwuxfwxuh dv ehiruh zlwk hdfk hpsor|hh kdylqj d ￿
2 suredelolw| ri ehlqj d jrrg hpsor|hh1





y> zlwk suredelolw| ￿
2
￿orj+4 . n￿,> zlwk suredelolw| ￿
2=
Wkh qhz ihdwxuh lv wkdw wkh uhdol}hg h{0srvw ydoxh/ zkhq wkh hpsor|hh lv jrrg/ kdv d






￿/ zkhq wkh jrrg hpsor|hh lv zhoo pdwfkhg
￿/ zkhq vkh lv plvpdwfkhg
zlwk ￿A￿ 1 Pruhryhu/ zh ghqrwh Y ￿ @ i+￿ ￿orj+4.n,, dqg Y , @ i+￿orj+4.n,,1 Pdwfklqj
wkxv lqwurgxfhv wkh qhhg iru h{whuqdo dorqj zlwk lqwhuqdo frpshwlwlrq1
Lq whupv ri edujdlqlqj rxwfrphv wkh pdlq h￿hfw ri wklv qhz ihdwxuh lv wr lpsuryh wkh
jrrg hpsor|hhv* rxwvlgh rswlrqv uhodwlyh wr zkdw wkh| zrxog eh lq wkh devhqfh ri h{whuqdo
frpshwlwlrq1
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￿ 4=
Fxvwrphu dqg Rxwvlgh Rzqhuvkls1￿
Surfhhglqj dv ehiruh zh frqvlghu lq wxuq wkh wkuhh gl￿huhqw rzqhuvkls doorfdwlrqv1 Vlqfh
wkh jrrg hpsor|hh*v ixoo ydoxh/ Y ￿/ fdq rqo| eh uhdol}hg zlwk rqh ri wkh ￿upv/ klv rxwvlgh
rswlrq lv vtxhh}hg grzq wr Y ,1 Lw lv vwudljkwiruzdug wr vkrz wkdw fxvwrphu dqg rxwvlgh
rzqhuvkls jlyh ulvh wr wkh vdph edujdlqlqj vroxwlrq iru jrrg hpsor|hhv dv ghvfulehg ehorz
+uhfdoo wkdw rxu frqyhqwlrq lv wr lghqwli| wkh jrrg hpsor|hh dv H￿￿ zlwk l @ D>E,1
Djhqw= hpsor|hh H￿￿ hpsor|hh H￿2
Sd|r￿= Y , 3
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59Frpsdulqj zlwk wkh ￿uvw ehvw uhvxow/ zh revhuyh wkdw xqghu rxwvlgh rzqhuvkls dqg fxvwrphu
rzqhuvkls/ hpsor|hhv zloo xqghulqyhvw1
Hpsor|hh Rzqhuvkls1￿
Lq frqwudvw wr rxwvlgh +ru fxvwrphu, rzqhuvkls/ xqghu dq hpsor|hh frrshudwlyh/ hyhu|
phpehu ri wkh frrshudwlyh jdlqv dq rzqhuvkls vkduh ￿
2i￿
2^Y ￿ +n￿, ￿ Y , +n￿,‘ . ￿
2^Y ￿ +n￿, ￿
Y , +n￿,‘j dqg d jrrg hpsor|hh H￿￿ zloo dovr jhw klv rxwvlgh rswlrq Y , zkloh nhhslqj klv
rzqhuvkls vkduh ri wkh ￿up zklfk kh mrlqwo| rzqv +lq wkh fdvh wkdw klv kxpdq fdslwdo
pdwfkhv zlwk wkh rwkhu ￿up/ kh zloo eh kluhg e| wkh rwkhu ￿up zlwk d sd|r￿ ri Y ,,1 Wkxv/
wkh edujdlqlqj vroxwlrq iru hpsor|hh m ehfrphv







2^Y ￿ +n￿, ￿ Y , +n￿,‘.
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2^Y ￿ +n￿, ￿ Y , +n￿,‘.
￿
2^Y ￿ +n￿, ￿ Y , +n￿,‘j











￿￿ ￿orj+4 . n￿,
￿
￿ i +￿orj+4 . n￿,,
￿
. i+￿orj+4 . n￿,,
￿
￿ n￿j











Frpsdulqj n.￿ dqg n￿ lw lv vwudljkwiruzdug wr vhh wkdw rxwvlgh rzqhuvkls lv ohvv h!flhqw
wkdq hpsor|hh rzqhuvkls1
Xqghu d sduwqhuvkls/ li wkh sduwqhu ri wkh ￿up hqgv xs ehlqj wkh jrrg hpsor|hh/ wkhq
wkh edujdlqlqj vroxwlrq lv/





Y ￿ +n￿,/ li pdwfkhg zlwk rzq ￿up




3/ li pdwfkhg zlwk rzq ￿up
3/ rwkhuzlvh
Zkhq/ lqvwhdg/ wkh sduwqhu lv d edg hpsor|hh wkhq zh kdyh/
Djhqw= hpsor|hh H￿￿ sduwqhu H￿2
Sd|r￿= Y , +n￿, Y ￿ +n￿, ￿ Y , +n￿,
5:Ghqrwlqj wkh suredelolw| wkdw wkh sduwqhu hqgv xs ehlqj jrrg e| ￿/ dqg wkh suredelolw|
wkdw wkh sduwqhu hqgv xs zhoo pdwfkhg zlwk klv rzq ￿up e| ￿/ zh rewdlq wkh iroorzlqj wzr






￿￿ ￿orj+4 . n￿,
￿
.+ 4￿￿,i +￿orj+4 . n￿,,
￿
￿n￿j/ iru wkh sduwqhu
pd{
&￿
i+4 ￿ ￿,i +￿orj+4 . n￿,, ￿ n￿j/ iru wkh hpsor|hh






￿￿ ￿i￿ ￿￿ ￿orj+4 . nR,
￿
.+ 4￿ ￿,￿i￿ +￿orj+4 . nR,,
￿
￿ 4/ iru wkh sduwqhu/ dqg
n?R @+ 4￿ ￿,￿i￿ +￿orj+4 . n?R,, ￿ 4/ iru wkh hpsor|hh +qrq0sduwqhu,1
Zkhq zh wdnh ￿   ￿
2 dqg ￿A￿
2 wkhq/ dv ehiruh/ zh fdq vkrz wkdw d sduwqhuvkls zkhuh
wkh hpsor|hh zlwk wkh kljkhu ￿ lv wkh sduwqhu fdq grplqdwh dq hpsor|hh frrshudwlyh1 Wkh
uhdvrq lv wkh vdph= lq wkdw fdvh wkh xqsurgxfwlyh hpsor|hh0rzqhu h{wudfwv wrr pxfk vxusoxv
iurp wkh surgxfwlyh hpsor|hh0rzqhu dqg wkxv xqghuplqhv klv lqyhvwphqw lqfhqwlyhv1
Wkh dqdo|vlv ri lqwhuqdo dqg h{whuqdo frpshwlwlrq lq wklv vxevhfwlrq wkxv ohdgv wr d vlplodu
udqnlqj ri rzqhuvkls doorfdwlrqv dv ehiruh1 Lw lv vwudljkwiruzdug wr yhuli| wkdw wkh iroorzlqj
sursrvlwlrq krogv=
Sursrvlwlrq 6 Zkhq wkhuh lv d pdwfklqj sureohp ehwzhhq ￿upv dqg hpsor|hhv/
41 doo wkh rzqhuvkls vwuxfwxuhv jlyh xqghulqyhvwphqw dqg wkh odujhu wkh gl￿huhqfh ￿￿￿/
wkh kljkhu wkh xqghulqyhvwphqw>
51 rxwvlgh rzqhuvkls dqg fxvwrphu rzqhuvkls duh grplqdwhg e| dq hpsor|hh frrshudwlyh>
61 li hpsor|hhv duh khwhurjhqhrxv dqg dq h{0dqwh hdvlhu wr eh ￿wwhg hpsor|hh lv wkh sduwqhu
wkhq sduwqhuvkls lv ehwwhu wkdq hpsor|hh frrshudwlyh> dqg ylfh yhuvd1
surri= reylrxv1
Uhpdun 5 Wkh gl￿huhqfh ￿ ￿ ￿ phdvxuhv wkh ghjuhh ri ￿up vshfl￿flw| ri dq hpsor|hh*v
kxpdq fdslwdo1 Wkh kljkhu wkh ghjuhh ri ￿up vshfl￿flw|/ wkh odujhu wkh gl￿huhqfh ehwzhhq
hpsor|hh rzqhuvkls dqg rwkhu rzqhuvkls vwuxfwxuhv1
5;Xqghu rxwvlgh rzqhuvkls dqg fxvwrphu rzqhuvkls/ rqo| jrrg hpsor|hhv kdyh ydoxh1
Pruhryhu/ jrrg hpsor|hhv duh vxemhfw wr vrph ghjuhh ri krog0xs= wkhlu sd|r￿v duh uh0
gxfhg wr wkhlu rxwvlgh rswlrq ydoxh zklfk lv orzhu wkdq zkdw wkh| surgxfhg1 Wklv pdnhv
wkhvh rzqhuvkls vwuxfwxuhv vxerswlpdo lq surylglqj lqfhqwlyhv wr hpsor|hhv1 Krzhyhu/ xq0
ghu hpsor|hh rzqhuvkls/ rzqhuvkls surylghv vrph surwhfwlrq djdlqvw h{0srvw krog0xsv1 Lq
wkh fdvh ri dq hpsor|hh frrshudwlyh/ doo wkh hpsor|hh0rzqhuv vkduh wkh vxusoxv wkdw wkh ehvw
hpsor|hh surgxfhg/ wkxv lw lpsuryhv lqfhqwlyhv1 Krzhyhu/ zkhq wkh qxpehu ri hpsor|hh0
rzqhuv lv odujh/ zklfk zh gr qrw prgho h{solflwo|/ wkh dgydqwdjh ri hpsor|hh0rzqhuvkls
zloo ghfolqh dqg hyhqwxdoo| glvdsshdu1 Lq wkh fdvh ri d sduwqhuvkls/ wkh sduwqhu hqmr|v
wkh vxusoxv wkdw wkh ehvw hpsor|hh surgxfhv1 Li wkh sduwqhu lv d edg hpsor|hh/ wkh jrrg
hpsor|hh*v sd|r￿ lv wkh vdph dv xqghu rwkhu rzqhuvkls doorfdwlrqv1 Li wkh sduwqhu lv d
jrrg hpsor|hh/ doo wkh vxusoxv surgxfhg e| klp zloo eh dssursuldwhg +lq wkh fdvh wkdw klv
kxpdq fdslwdo lv qrw pdwfkhg zlwk klv rzq ￿up/ kh zloo h{wudfw vxusoxv iurp wkh hpsor|hh
kh kluhv dqg kh zloo eh sdlg2kluhg e| wkh ￿up zklfk pdwfkhv klv kxpdq fdslwdo,1 Wkxv/ li
h{0dqwh ehwwhu hpsor|hhv duh sduwqhuv/ wkh| zloo lqyhvw pruh h!flhqwo|1
Wklv glvfxvvlrq wkxv pdnhv fohdu wkdw wkh uhvxowv rewdlqhg lq wkh fdvh ri sxuh lqwhuqdo
frpshwlwlrq duh urexvw wr wkh lqwurgxfwlrq ri h{whuqdo frpshwlwlrq1 Dv wkh qh{w vxevhfwlrq
pdnhv fohdu/ wkh udqnlqj ri rzqhuvkls doorfdwlrqv rewdlqhg xqghu sxuh lqwhuqdo frpshwlwlrq
lv rqo| vljql￿fdqwo| d￿hfwhg zkhq lqyhvwphqw lq kxpdq fdslwdo lv frpsohwho| qrq0vshfl￿f1
H{whuqdo Frpshwlwlrq zlwk Jhqhudo Kxpdq Fdslwdo
Zkhq wkhuh lv ￿hufh pdunhw frpshwlwlrq dqg qr orfn0lq ri hpsor|hhv/ vkrxog rzqhuvkls
pdwwhu iru h!flhqf|B Wr dgguhvv wklv txhvwlrq zh qrz frqvlghu dqrwkhu srodu fdvh zkhuh
wkhuh lv qr ￿up vshfl￿f kxpdq fdslwdo +ru qr orfn0lq ri hpsor|hhv, dw doo/ dqg hpsor|hhv
dffxpxodwh jhqhudo kxpdq fdslwdo1 Wklv lv d fdvh zkhuh h￿hfwlyho| doo frpshwlwlrq lv
h{whuqdo1
Dv ehiruh zh dvvxph wkdw hdfk ￿up fdq vhuyh rqo| rqh fxvwrphu/ vr wkdw wkhuh lv qr
frpshwlwlrq ehwzhhq ￿upv lq wkh surgxfw pdunhw1 Fxvwrphuv duh lghqwlfdo dqg ￿upv kdyh
5<lghqwlfdo dvvhwv1 Wkdw lv/ iru dq| ri wkh irxu hpsor|hhv zh kdyh Y￿+n￿￿,@Y￿+n￿￿, dqg
Y +n￿>n ,,@p d { iY +n￿,>Y+n,,j1
Pruhryhu/ dv ehiruh/ doo hpsor|hhv duh lghqwlfdo h{ dqwh dqg wkh vwrfkdvwlf vwuxfwxuh lv
vxfk wkdw dw htxdo lqyhvwphqw ohyhov n￿ hdfk hpsor|hh kdv d ￿






y> zlwk suredelolw| ￿
e
￿orj+4 . n￿,> zlwk suredelolw| ￿
e=
Vlqfh wkhuh lv rqo| rqh jrrg hpsor|hh h{ srvw/ wkhuh zloo eh frpshwlwlrq ehwzhhq ￿upv
wr dwwudfw wkdw hpsor|hh471 Hdfk ￿up qrz dwwhpswv wr dwwudfw wkh ehwwhu hpsor|hh vr dv wr
r￿hu d ehwwhu surgxfw wr lwv fxvwrphu1
Dv rqh zrxog h{shfw/ wkh pdlq h￿hfw ri frpshwlwlrq ehwzhhq ￿upv iru wkh ehvw hpsor|hh
lv wr vwuhqjwkhq wkh edujdlqlqj srvlwlrq ri wkh ehvw hpsor|hh dqg frqvhtxhqwo| wr zlghq wkh
sd| gl￿huhqwldo ehwzhhq jrrg dqg edg hpsor|hhv1
Rxwvlgh rzqhuvkls1￿
Frqvlghu ￿uvw wkh vlwxdwlrq zkhuh hdfk ￿up lv rzqhg e| dq rxwvlgh rzqhu1 Dv ehiruh/ zh
fdq vroyh iru wkh edujdlqlqj vroxwlrq e| edfnzdug lqgxfwlrq=
Vxssrvh wkdw H￿￿ lv wkh jrrg hpsor|hh h{ srvw/ dqg wkdw erwk ￿upv hqg xs lq vwdjh wzr
ri wkh edujdlqlqj jdph1 Wkhq hpsor|hh H￿￿ jhwv ￿ y￿y/ hdfk fxvwrphu F +zlwk ￿￿ @4 , jhwv
y/ dqg wkh rwkhu hpsor|hhv jhw 31 Hdfk ￿up fdq krog wkh fxvwrphu dqg edg hpsor|hh+v,
grzq wr wkhlu rxwvlgh rswlrqv jlyhq wkdw wkhuh lv qr frpshwlwlrq ehwzhhq ￿upv iru fxvwrphuv
dqg edg hpsor|hhv1 Exw Ehuwudqg frpshwlwlrq iru wkh jrrg hpsor|hh pd| uhvxow lq d kljkhu
sd|r￿ iru hpsor|hh H￿￿1 Lqghhg/ zkhq i￿ ￿ 4 hpsor|hh H￿￿ jhwv ￿ Y ￿ Y dqg wkh rwkhu
sduwlhv rewdlq uhvshfwlyho|/ 3 iru hpsor|hhv H￿￿/ y iru hdfk fxvwrphu/ dqg Y ￿ y iru hdfk
rzqhu1 Wr vxppdul}h/ zkhq i￿ ￿ 4 wkh edujdlqlqj vroxwlrq xqghu rxwvlgh rzqhuvkls lv
47Wkh uhdvrq zk| zh kdyh rqo| rqh rxw ri irxu hpsor|hhv zlwk d kljk surgxfwlylw| lv wkdw zh zdqw erwk
￿upv +hdfk zlwk rqh fxvwrphu kdylqj q￿ ’￿ , wr frpshwh iru wkh kljk txdolw| hpsor|hh1 Li wkhuh zhuh pruh
wkdq rqh kljk txdolw| hpsor|hh wkhuh zrxog eh h￿hfwlyho| qr h{whuqdo frpshwlwlrq1
63jlyhq e|=
Djhqw= hpsor|hh H￿￿ hpsor|hh H￿￿ rxwvlgh rzqhu R￿ fxvwrphu F +zlwk ￿￿ @4 ,
Sd|r￿= Y ￿ Y 3 Y ￿ y y
Zkhq i￿ ? 4/ rq wkh rwkhu kdqg/ Y ￿ Y ? y ￿ y/ vr wkdw wkh edujdlqlqj vroxwlrq lv
ghwhuplqhg hqwluho| e| wkh rxwvlgh rswlrqv lq vwdjh 5 dqg lv jlyhq e|=
Djhqw= hpsor|hh H￿￿ hpsor|hh H￿￿ rxwvlgh rzqhu R￿ fxvwrphu F +zlwk ￿￿ @4 ,
Sd|r￿= y ￿ y 3 Y ￿ y y






^i +￿orj+4 . n￿,, ￿ i +y,‘ ￿ n￿j +<,






^￿orj+4 . n￿, ￿ y‘ ￿ n￿j +43,
Zh wkxv rewdlq wkh iroorzlqj vroxwlrq iru wkh lqyhvwphqw fkrlfhv xqghu rxwvlgh rzqhuvkls1







ei￿ ￿4/l ii￿ ￿ 4
b
e ￿ 4/ rwkhuzlvh
=
Lw lv lqwhuhvwlqj wr vhh frpshwlwlrq ehwzhhq ￿upv dw zrun khuh1 Zkhq i￿ ￿ 4 shuihfw
frpshwlwlrq jlyhv hpsor|hhv wkh fruuhfw pdujlqdo lqfhqwlyhv wr lqyhvw h{ dqwh1 Exw zkhq
i￿ ? 4/ hpsor|hhv ryhu0lqyhvw1
Fxvwrphu Rzqhuvkls
Djdlq vroylqj e| edfnzdug lqgxfwlrq rqh rewdlqv wkh edujdlqlqj vroxwlrq xqghu fxvwrphu
rzqhuvkls= Ehuwudqg frpshwlwlrq ehwzhhq hpsor|hhv lq wkh vhfrqg vwdjh ri wkh edujdlqlqj
jdph uhvxowv lq wkh iroorzlqj htxloleulxp sd|r￿v= hpsor|hh H￿￿ jhwv Y ￿Y / hdfk fxvwrphu
64F +zlwk ￿￿ @4 , jhwv Y / dqg wkh rwkhu hpsor|hhv jhw 31 Lw lv hdv| wr vhh wkdw htxloleulxp
sd|r￿v duh wkh vdph zkhwkhu wkhuh lv rqh ru wzr fxvwrphuv zlwk ￿￿ @4lq vwdjh 51 Zlwk
wkhvh sd|r￿v vhuylqj dv rxwvlgh rswlrqv iru fxvwrphuv dqg hpsor|hhv lq vwdjh rqh/ wkh
edujdlqlqj vroxwlrq xqghu rzqhuvkls e| d vlqjoh fxvwrphu +zlwk ￿￿ @4 , lv jlyhq e|=
Djhqw= hpsor|hh H￿￿ hpsor|hh H￿￿ fxvwrphu F +zlwk ￿￿ @4 ,
Sd|r￿= Y ￿ Y 3 Y
Xqghu wklv rzqhuvkls vwuxfwxuh frpshwlwlrq ehwzhhq hpsor|hhv lqvlgh d ￿up lv pd{lpl}hg/
dqg vlqfh erwk ￿upv duh lghqwlfdo/ frpshwlwlrq dfurvv ￿upv grhv qrw dgg dq| dgglwlrqdo
frpshwlwlyh suhvvxuh1 Wkxv/ hdfk hpsor|hh khuh fkrrvhv klv lqlwldo lqyhvwphqw lq kxpdq






^i +￿orj+4 . n￿,, ￿i +orj+4 . n￿,,‘ ￿ n￿j +44,
Zkhq pruh wkdq rqh fxvwrphu rzqv wkh ￿up +dv xqghu d fxvwrphu frrshudwlyh, wkh
edujdlqlqj vroxwlrq zkhq i￿ ￿ 4 lv jlyhq e|=
Djhqw= hpsor|hh H￿￿ hpsor|hh H￿￿ fxvwrphuv +￿￿ @3 , fxvwrphu +￿￿ @4 ,





Dqg zkhq i￿ ? 4/ wkh edujdlqlqj vroxwlrq lv jlyhq e|=
Djhqw= hpsor|hh H￿￿ hpsor|hh H￿￿ fxvwrphuv +￿￿ @3 , fxvwrphu +￿￿ @4 ,




Qrw vxusulvlqjo|/ wkh edujdlqlqj vroxwlrq lv vlplodu wr wkdw xqghu rxwvlgh rzqhuvkls1 Vr wkdw
htxloleulxp lqyhvwphqw ohyhov duh dv vwdwhg lq wkh iroorzlqj ohppd1
Ohppd 44 Xqghu rzqhuvkls e| d fxvwrphu frrshudwlyh/ hpsor|hhv* lqyhvwphqw ohyhov duh
wkh vdph dv xqghu rxwvlgh rzqhuvkls1 Xqghu yhuwlfdo lqwhjudwlrq +rzqhuvkls e| d vlqjoh






65Qrwh wkdw lq wkh odwhu fdvh wkh vroxwlrq lv wkh vdph uhjdugohvv ri wkh ydoxh ri i￿1D v
ehiruh/ wkh vrfldoo| h!flhqw rxwfrph lv dfklhyhg xqghu wklv rzqhuvkls vwuxfwxuh1
Hpsor|hh Rzqhuvkls
Ilqdoo|/ frqvlghu wkh vlwxdwlrq zkhuh hdfk ￿up lv mrlqwo| rzqhg e| wzr hpsor|hhv1 Dv
ehiruh/ zh dvvxph wkdw hpsor|hhv glylgh htxdoo| wkh vxusoxv wkh| fdq jhw dv rzqhuv1 Rqfh
wkh ￿upv* r￿huv duh ghwhuplqhg wkh jdph surfhhgv dv xqghu rxwvlgh rzqhuvkls1 Vroylqj
wklv jdph edfnzdugv zh revhuyh wkdw Ehuwudqg frpshwlwlrq ehwzhhq hpsor|hhv uhvxowv lq
htxloleulxp sd|r￿v lq wkh vhfrqg vwdjh ri wkh edujdlqlqj jdph zkhuh hpsor|hh H￿￿ jhwv
￿ y ￿ y/ hdfk fxvwrphu F +zlwk ￿￿ @4 , jhwv y/ dqg wkh rwkhu hpsor|hhv jhw 31 Lq wkh ￿uvw
vwdjh ri wkh jdph/ zkhq i￿ ￿ 4/ Ehuwudqg frpshwlwlrq iru wkh jrrg hpsor|hh uhvxowv lq d
zdjh iru hpsor|hh H￿￿ri ￿ Y ￿ Y d q gdz d j hr i3 iru wkh rwkhu hpsor|hhv1 Hdfk fxvwrphu
jhwv y dqg wkh irxu hpsor|hh0rzqhuv hdfk jhw ￿
2+Y ￿y,1
Wkxv zkhq i￿ ￿ 4 wkh edujdlqlqj vroxwlrq xqghu hpsor|hh frrshudwlyh lv jlyhq e|=
Djhqw= hpsor|hh H￿￿ hpsor|hh H￿￿ fxvwrphuv F +￿￿ @4 ,
Sd|r￿= Y ￿ ￿
2+Y . y, ￿
2+Y ￿y, y
Zkhq i￿ ? 4/v rw k d wY ￿ Y ? y ￿ y/ rq wkh rwkhu kdqg/ wkh edujdlqlqj vroxwlrq lv=
Djhqw= hpsor|hh H￿￿ hpsor|hh H￿￿ fxvwrphuv F +￿￿ @4 ,
Sd|r￿= ￿
2+y . Y , ￿ y ￿
2+Y ￿y, y
Wkhvh sd|r￿v wkhq wudqvodwh lqwr wkh iroorzlqj h{0dqwh lqyhvwphqw fkrlfhv iru wkh hpsor|0






i +￿orj+4 . n￿,, ￿ n￿j +45,






+￿orj+4 . n￿,.i+￿orj+4 . n￿,,, ￿n￿j +46,
Zh wkhuhiruh rewdlq wkh iroorzlqj vroxwlrq iru wkh lqyhvwphqw fkrlfhv xqghu dq hpsor|hh
frrshudwlyh1












2, ￿ 4/ rwkhuzlvh
=
Wkxv/ dv xqghu rxwvlgh rzqhuvkls/ zkhq i￿ ￿ 4 shuihfw frpshwlwlrq jlyhv hpsor|hhv wkh
fruuhfw pdujlqdo lqfhqwlyhv wr lqyhvw h{ dqwh> zkhq i￿ ? 4/ hpsor|hhv ryhu0lqyhvw1 Krzhyhu/
xqghu hpsor|hh rzqhuvkls wkhuh lv ohvv ryhulqyhvwphqw wkdq xqghu rxwvlgh rzqhuvkls148
Frpsdulqj Rzqhuvkls Doorfdwlrqv
Wkh dqdo|vlv lq wklv vhfwlrq kljkoljkwv wkh srvlwlyh h￿hfwv ri h{whuqdo frpshwlwlrq rq
lqfhqwlyhv xqghu doo wkuhh rzqhuvkls doorfdwlrqv1 Zkhq frpshwlwlrq lq oderu pdunhwv lv
xquhvwudlqhg wkhq wkh ￿uvw0ehvw lv dfklhyhg xqghu doo wkuhh rzqhuvkls vwuxfwxuhv zkhqhyhu
i￿ ￿ 41 Li/ krzhyhu/ i￿ ? 4/ wkhq h{whuqdo frpshwlwlrq kdv qr h￿hfw rq lqyhvwphqw lq0
fhqwlyhv dqg wkh udqnlqj ri rzqhuvkls vwuxfwxuhv uhpdlqv hqwluho| ghwhuplqhg e| krz lw
d￿hfwv lqwhuqdo frpshwlwlrq= vlqjoh fxvwrphu rzqhuvkls lv ehvw dqg dfklhyhv wkh vrfldoo| hi0
￿flhqw rxwfrph> lw lv iroorzhg e| wkh hpsor|hh frrshudwlyh/ zklfk lq wxuq grplqdwhv rxwvlgh
rzqhuvkls1 Zh vxppdul}h wkh glvfxvvlrq lq wklv vhfwlrq lq wkh iroorzlqj sursrvlwlrq=
Sursrvlwlrq 7 Zkhq wkhuh lv qr orfn0lq/ hpsor|hhv lqyhvw lq jhqhudo kxpdq fdslwdo/ dqg
hpsor|hhv duh krprjhqhrxv/
41 li i￿ ￿ 4/ Rzqhuvkls lv luuhohydqw= doo rzqhuvkls vwuxfwxuhv jlyh ￿uvw ehvw lqyhvwphqw
lqfhqwlyhv> krzhyhu/
51 li i￿ ? 4/ rzqhuvkls pdwwhuv dqg wkh udqnlqj ri rzqhuvkls doorfdwlrqv lv vxfk wkdw=
yhuwlfdo lqwhjudwlrq lv wkh prvw h!flhqw/ iroorzhg e| wkh hpsor|hh frrshudwlyh zklfk
grplqdwhv rxwvlgh rzqhuvkls dqg fxvwrphu frrshudwlyhv> wkh odwhu wzr rzqhuvkls vwuxf0
wxuhv duh htxdoo| h!flhqw1
48Zkhq hpsor|hhv duh krprjhqhrxv/ wkh sduwqhuvkls prgh lv grplqdwhg e| wkh hpsor|hh frrshudwlyh
prgh1 Zkhq hpsor|hhv duh khwhuhjhqhrxv/ rq wkh rwkhu kdqg/ wkh sduwqhuvkls pd| grplqdwh wkh frrshudwlyh
prgh/ exw lw grhv qrw fkdqjh wkh udqnlqj zlwk rwkhu rzqhuvkls vwuxfwxuhv1 Iru wkh vdnh ri suhvhqwdwlrq zh
rplw wkh glvfxvvlrq ri sduwqhuvklsv lq wklv vhfwlrq1
67surri= reylrxv iurp wkh deryh glvfxvvlrq1
Wkh luuhohydqfh uhvxow lv frqvlvwhqw zlwk wkh edvlf hfrqrplf lqwxlwlrq wkdw zkhq wkhuh lv
￿hufh pdunhw frpshwlwlrq rzqhuvkls lv qrw lpsruwdqw1 Krzhyhu/ wkh vhfrqg sduw ri wkh
sursrvlwlrq lv vrphzkdw vxusulvlqj1 Hyhq zkhq wkhuh lv qr krog0xs sureohp/ li wkh frpsoh0
phqwdulw| ehwzhhq ￿up dvvhwv dqg hpsor|hhv* kxpdq fdslwdo lv orz rzqhuvkls vwloo pdwwhuv1
Wkh uhdvrq lv wkdw zkhq wkhuh lv orz frpsohphqwdulw| wkhuh fdq hdvlo| eh ryhulqyhvwphqw
dqg/ sdudgr{lfdoo|/ wkh rzqhuvkls vwuxfwxuh zklfk ohdgv wr wkh ohdvw frpshwlwlrq dqg wkh
prvw h{0srvw rssruwxqlvp e| ￿up rzqhuv lv wkh ehvw1
PDUNHW VWUXFWXUH +KRUL]RQWDO LQWHJUDWLRQ,
Lq wklv vhfwlrq zh eulh | frqvlghu wkh h￿hfwv ri krul}rqwdo lqwhjudwlrq xqghu wkh wkuhh
gl￿huhqw rzqhuvkls vwuxfwxuhv1 Wzr edvlf ohvvrqv hphujh iurp wklv dqdo|vlv1 Iluvw/ lqwh0
judwlrq dozd|v uhgxfhv zhoiduh e| glvwruwlqj lqyhvwphqw lqfhqwlyhv/ dowkrxjk lw pd| udlvh
wkh rzqhuv* sd|r￿1 Vhfrqg/ wkh h￿hfwv ri lqwhjudwlrq rq lqfhqwlyhv ydu| zlwk wkh rzqhuvkls
doorfdwlrq1 Lqwhjudwlrq lv zruvw xqghu rxwvlgh rzqhuvkls/ iroorzhg e| hpsor|hh frrshudwlyh
rzqhuvkls1 Lw kdv qr h￿hfw xqghu fxvwrphu rzqhuvkls1 Dowkrxjk wkhvh duh qrw hqwluho|
vxusulvlqj uhvxowv/ wkh| frxog kdyh lpsruwdqw lpsolfdwlrqv iru dqwlwuxvw srolf|1
Zh prgho lqwhjudwlrq ri wkh wzr ￿upv dv lq vhfwlrq 7 zlwk wkh gl￿huhqfh wkdw lqvwhdg ri
kdylqj wzr hpsor|hhv lq wkh ￿up zh kdyh irxu1 Zh dovr dvvxph wkdw hpsor|hhv duh h{ dqwh
krprjhqhrxv dqg wkdw wkhuh lv rqo| rqh jrrg hpsor|hh h{ srvw1 Wkh edujdlqlqj vroxwlrq
lq wkh lqwhjudwhg ￿up xqghu rxwvlgh rzqhuvkls dqg fxvwrphu frrshudwlyh lv wkhq dv ehiruh/
vr wkdw hpsor|hhv lqyhvw n￿
U @ b
e ￿ 4 xqghu rxwvlgh rzqhuvkls1 Vlploduo|/ xqghu rzqhuvkls




Ilqdoo|/ xqghu dq hpsor|hh frrshudwlyh wkh edujdlqlqj vroxwlrq lv fkdqjhg rqo| wr wkh h{whqw
wkdw qrz irxu hpsor|hhv vkduh wkh vxusoxv rzqhuvkls surylghv lqvwhdg ri mxvw wzr1 Wkxv/






Frpsdulqj wkhvh lqyhvwphqw ohyhov wr wkrvh rewdlqhg xqghu qrq0lqwhjudwlrq lq wkh suhylrxv
vhfwlrq zh fdq lpphgldwho| frqfoxgh wkdw zkhq wkhuh lv qr orfn0lq ri hpsor|hhv lq ￿upv
68wkhq krul}rqwdo lqwhjudwlrq lv dozd|v frxqwhusurgxfwlyh iurp dq h!flhqf| shuvshfwlyh1 Lw
kdv qr h￿hfw rq lqyhvwphqw lqfhqwlyhv xqghu d fxvwrphu frrshudwlyh/ exw lw vwulfwo| ghfuhdvhv
lqyhvwphqw lqfhqwlyhv xqghu hlwkhu dq rxwvlgh ru hpsor|hh frrshudwlyh1 Wkh zruvw lpsdfw
ri lqwhjudwlrq lv xqghu rxwvlgh rzqhuvkls zkhq i￿ ￿ 41
Qrwh/ krzhyhu/ wkdw li wkhuh lv shuihfw orfn0lq lqwhjudwlrq frxog eh dq h!flhqw lqvwlwxwlrqdo
uhvsrqvh wr ryhufrph wklv frqvwudlqw1 Wkdw lv/ e| lqwhjudwlqj wkh wzr ￿upv frxog lqfuhdvh
wkh h{whqw ri lqwhuqdo frpshwlwlrq dqg wkhuhe| lpsuryh lqfhqwlyhv1
FRQFOXGLQJ UHPDUNV
Rxu sdshu surylghv d xqlirup iudphzrun zlwklq zklfk erwk frpshwlwlrq zlwklq dqg
dfurvv ￿upv/ dqg lqwhudfwlrqv ehwzhhq lqwhuqdo2h{whuqdo frpshwlwlrq dqg rzqhuvkls fdq
eh frqvlghuhg1 Wr rxu nqrzohgjh wklv lv wkh ￿uvw dwwhpsw wr frqvlghu erwk irupv ri frp0
shwlwlrq zlwklq d vlqjoh iudphzrun wrjhwkhu zlwk wkh lqwhudfwlrqv ehwzhhq rzqhuvkls dqg
lqwhuqdo2h{whuqdo frpshwlwlrq1 Prvw ri wkh h{lvwlqj olwhudwxuh rq frpshwlwlrq hlwkhu ghdov
zlwk lqwhuqdo frpshwlwlrq ru h{whuqdo frpshwlwlrq rqo|1
Kdqvpdqq +4<<9, pdnhv wkh revhuydwlrq wkdw froohfwlyh ghflvlrq pdnlqj lq frrshudwlyhv
fdq eh lqh!flhqw zkhq phpehuv duh khwhurjhqhrxv1 Kduw dqg Prruh +4<<;, dqg Nuhphu
+4<<<, irupdol}hg wkh lghd zlwk d yrwlqj prgho1 Rxu uhvxowv duh frqvlvwhqw zlwk wkhluv iru
gl￿huhqw exw uhodwhg uhdvrqv1 Zh vkrz wkdw zkhq phpehuv duh khwhurjhqhrxv hpsor|hh
frrshudwlyhv duh qrw h!flhqw ehfdxvh edg hpsor|hhv krog xs wkh jrrg rqhv/ zklfk gxoov
lqfhqwlyhv wr lqyhvw h{ dqwh1 Krzhyhu/ zh vkrz wkdw li h{ dqwh lw lv srvvleoh wr lghqwli|
zkr lv olnho| wr eh ehwwhu/ d sduwqhuvkls prgh pd| eh h!flhqw1 Zlwk uhvshfw wr fxvwrphu
frrshudwlyhv/ zh vkrz wkdw li fxvwrphuv duh krprjhqhrxv +vr wkdw doo fxvwrphuv ghvluh wkh
surgxfw ri wkh ￿up, fxvwrphu frrshudwlyhv duh h!flhqw1 Krzhyhu/ zkhq phpehuv duh
khwhurjhqhrxv fxvwrphu frrshudwlyhv duh qrw h!flhqw vlqfh vrph phpehuv wkhq dfw pruh
olnh rxwvlgh rzqhuv wkdq fxvwrphuv dqg wkxv pdnh wkh ￿up pruh olnh rxwvlghu rzqhg ￿up1
Frpsdulqj rxu zrun zlwk wkh olwhudwxuh rq frrshudwlyhv +iru uhfhqw vxuyh|v/ vhh Erqlq/
Mrqhv/ dqg Sxwwhupdq/ 4<<6 ru Grz dqg Sxwwhupdq/ 4<<9, zh pdlqo| qrwh wkh iroorzlqj
69srlqwv1 Mhqvhq dqg Phfnolqj +4<:<, dqg Grz +4<<6, dujxh wkdw frrshudwlyhv kdyh pruh
gl!fxowlhv lq udlvlqj fdslwdo1 Dv zh phqwlrqhg lq wkh lqwurgxfwlrq/ rxu prgho grhv qrw
frqvlghu fdslwdo frqvwudlqwv1 Wklv lv dq lpsruwdqw rplvvlrq zklfk zh sodq wr dgguhvv lq
ixwxuh zrun1 Dofkldq dqg Ghpvhw} +4<:5, dqg Kropvwurp +4<;5, duh frqfhuqhg zlwk
prudo kd}dug lq whdpv dqg dujxh wkdw hpsor|hh frrshudwlyhv kdyh pruh vhulrxv iuhh0ulghu
sureohpv dqg odfn dghtxdwh prqlwrulqj ri lqglylgxdo shuirupdqfh1 Wkh| dujxh wkdw rxwvlgh0
rzqhuvkls pd| eh vxshulru ehfdxvh wkh rzqhu dv wkh xowlpdwh uhvlgxdo fodlpdqw lv kljko|
prwlydwhg wr prqlwru whdp phpehu shuirupdqfh1 Lq rxu prgho/ zh dvvxph wkdw kxpdq
fdslwdo lv revhuydeoh h{ srvw exw h{ dqwh lv qrw frqwudfwleoh1 Wkxv/ zh dyrlg wkh prqlwrulqj
lvvxh dowrjhwkhu1 Lq uhodwhg zrun/ Edl dqg [x +4<<;, frqvlghuv prqlwrulqj e| dvvxplqj
wkdw rqo| wkh rzqhu kdv wkh uljkw wr dxglw1 Wkh| vkrz wkdw wkh iuhh0ulghu sureohp grhv qrw
uhqghu hpsor|hh rzqhuvkls lqh￿hfwlyh dv d phdqv wr prwlydwh hpsor|hhv1 Lq wkhlu prgho/
zkhq d zrunhu*v uhvhuydwlrq zdjh lv orz dqg wkh prqlwrulqj frvw ru rxwsxw xqfhuwdlqw| lv
kljk/ zrunhuv* h￿ruwv duh kljkhu dqg wkh prqlwrulqj lqwhqvlw| lv orzhu lq dq hpsor|hh0rzqhg
￿up wkdq wkh| duh lq d fdslwdolvw ￿up1
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